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Abstract— In work the definition of a two-parametric discrete-
continuous random variable is offered. Authors have studied
decomposition of joint distribution of two-parametric discrete-
continuous random variable by the random set basis.
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I. INTRUDUCTION

Mathematical statistics almost always deals with either
discrete or continuous random variables, but it is not so in real
problems. Many functions of distribution used in various
models (in particular, for modeling insurance payments or
consumer choice) have both "continuously increasing" sites
territory, and some positive jumps. In the present paper we
consider discrete-continuous random variables:

p=1-+(1-1)v, (1)

where & is a continuous random variable (c.r.v.), v is a
discrete random variable (d.r.v.), and / is a Bernoulli random
variable with parameter p=P(I=1) (1-p)=P(I=0),
such that [ is stochastically independent of & and v. The
distribution function £, () has the form

F

v

Fy(u)=p-Fe(u)+(1-p)- (2)

and it is the function of the mixed, discrete-continuously type.
Random variables of the form (1) are widely used in actuarial
mathematics to model individual risks [1, 2], in determining
insurance rates and reserves, and also in reinsurance.

In this work authors consider a special case of variables (1)
which have a positive jump at a given point c. Let § be a c.r.v.

with distribution function F () and finite expectation, let

d.r.v. v have a degenerate distribution, i.e.
P(v=c)=1, ¢>0,
and let v have a distribution function

p@<@:{

0,
1,

u<ec,

uzc.
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Then (1) takes the form
p=I1-&+(1-1)-c, 3)
or it can be written equivalently
&, with probability p,
p= . . “
¢, with probability 1- p.

A random variable of the form (3) is called a "two-
parametric discrete-continuous random variable." Value of
jump 1- p and location of the jump ¢ are parameters of jump

and location accordingly.
Let's write out characteristics of the random variable p.

Expectation Ep = p-E& + (1_p).c.

Variance Dp=p-DE+ p- (l-p)~ (Eé’;—c)z.
Moment generating function

tc
b

m(t)=p-me(t)+(1-p)e

conditioned on existence of the moment generating
function mg () ofcrv. €.

Characteristic function

itc

o(t)=p-oe()+(1-p)e

where ¢ (¢) is the characteristic function of c.r.v. &.
Up to this moment we didn't discuss the location of c. It is
possible to allocate two situations.

1. Let ¢ belong to a range of values of cr.v. &, ie.
ceRan(&). In this case (fig.l.), (2) can be written

equivalently
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Figure 1. Distribution function of cr.v. & and distribution function of

random variable p for the case ¢ € Ran (F;)

2. Let ¢ do not belong to a range of values of c.r.v. &, i.e
c ¢ Ran(g)=[b,0). In this case (fig.2.), (2) can be
written equivalently

0,
1-p, c<u<b,
pFé(u)+(l—p), u>b.

u<ec,

(6)

The interval [c, b) is called "blind interval."

F 3
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Figure 2. Distribution function of cr.v. & and distribution function of

random variable p for case ¢ ¢ Ran (é’;) = [b, oo).

In practice it is often assumed that & has an exponential
distribution. Then the case ¢ € Ran (&) describes, for example,
a class of distributions which are used for modeling insurance
payments [1, 2]. Assuming ¢ ¢ Ran (&)= [b,») and ¢ =0 we
obtain a class of distributions of Gibbs random variables G|

[3]. A key property of a Gibbs random variable is that it does
not take values in the "blind interval" [0, b]. This property was
pointed to by some interpretations of statistical theory of
consumer choice [3], where a price of random purchase is a
discrete-continuous random variable which has distribution
significantly separated from zero (for most goods and services),
while a zero value of the purchase price (corresponding to the
absence of purchase) has a positive probability.

<IEEE
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In the model of individual risks the insurance payments
made by an insurance company, are represented as the sum of
payments to many individuals [1]. The central limit theorem
provides a method for finding the numerical values for the
distribution of sums of independent random variables [4, 5].
Here we offer mathematical tools allowing to work with joint
distributions of random variables of the mixed type (3), and
generalizes the results received earlier [3, 6, 7, 8, 9].

Consider a random set of events
K:(Q 4 P)—> (25,22S]

under S, where § < A4 is a finite set of events (consisting of
N = |S | of events), 25 is the power set of S. A probability

distribution of a random set K is a collection of 2V
probabilities p(X)=P(K = X), xe2%:

pr={p(x) xe25]

— eventological distribution of I-st sort ; or

Pn ={PX= Xezs}
— eventological distribution of II-nd sort [10, 11].

E-distribution of the II-nd sort is connected with E-distribution
of the I-st sort by Mdbius inversion formulae

px=Yp(r) px)= STy

XcY XcY

A random set of events is a random element with values in
a power set S, where § is a finite set of selected events. The
main idea of the contemporary theory of random sets' asserts
that the structure of statistical interdependence of subsets of a
finite set is completely determined by the distribution of the
random set which is defined on the power set. Distribution of a
random set is a convenient mathematical tool for description of
all conceivable ways to combine elements in coalitions, in
other words, all the ways of interaction among elements.

Enumerate the N random variables of the form (3) by the
elements of the set S in order by first difference
(lexicographical order). Let's consider N-dimensional joint
distribution of random variables

{px’xes}:{]x'é;x +(l_[x)'cx7xes}’

where for all xe§ &, is cr.v.,, ¢, 20is an invariable, and

we associate Bernoulli random variables 7/, with indicators

1,

o

! Though the theory of random sets has well-traced connections with the
multivariate statistical analysis, the subject of its researches is a random finite
abstract set which essentially differs from a random vector that belongs to the
abstract spaces which do not have habitual linear structures.

xek,
xegK.
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The components of the random vector {p,,xe S} are

random variables of the mixed type. Hence we can say that the
random vector {p,,x eS| is constructed from a random

vector {&,,xeS} composed of N continuous random
variables &, , x € §' by adding jumps at the points {cx ,XE S}.

Note an interesting, from the viewpoint of practical
applications, property [6] of the sum of random variables of the
mixed type (3) forall ¢, =0, xe§':

Z‘ix = pr‘
xek xeS§

- the sum of a random set of continuous random variables is
equal to the sum of random variables of the mixed type (3).

Consider the joint distribution of two- parametric discrete-
continuous random variables of the form (4) {p L, X€ES } .

)

The values taken by random variables {p H»XeS } depend

Nipx <u,

F(ux,xes)=1{
xeS

on the values which Bernoulli random variables /,,x € S.

take.
|

N

xeX©

Let's consider the events

y {{ i,

xeX

|

for all X c S, where X =S8\X is the complement of a

N

xeX©

N

xeX

subset of events X to S, and x° =Q\ x is the complement of
an event x. Note that an event Iy means that all the Bernoulli
random variables indexed by elements x of the set X take a
value of 1, ie. /, =1 for all xe X, and all the Bernoulli

random variables from set X take zero value. Thus, the event
Iy is a partition of the Bernoulli random vector into two parts:
{Ix,xeS}z{1,xeX}+{O,xeXc}.

The number of such partitions coincides with the power of set
S.

Statement. The set of events {I X C S} form a complete
set of events.

Theorem 1. For a joint distribution of two-parametric
discrete-continuous random variables

Mo, }j

xeS

F(ux,xeS)zP[

the random set decomposition

<IEEE

182

F(ux,xeS): > FX(ux,xeS)~p(X),
XcS

)

takes place, where

the random set basis {p(X), X c S}

N

xeX¢

i

xeX

p(X)=P(1 ):p{ 0}}; ®)

the quantitative superstructure is the set of the
conditional distribution functions
{FX(ux, xeS), X gS}:

FX(ux,xeS):FéX(ux,xeX)- H ch(ux), )
ﬂ{éxsuxHIX

xeX*
} is the
xeX

conditional distributions of a continuous random
vector {&,.,xe8} conditioned on the event 1y

where Fe (ux,xeX)zP(

occurrence; F, (u, ) is the distribution function of the

constant random variables c, ,x € S, herewith

|

Note that the sum (7) contains 2V summands each of
which is representable as a product of an element of the
quantitative superstructure (9) on the corresponding element of
the basis (8).

Thus, it is possible to speak about two-level structure of
dependences and interactions of the components of the random
vector {p,, x € S}. The first is the random set level which is
responsible for full structure of statistical dependences and
interactions of random events. It forms the random set basis
py={p(X), X cS}. The second is the quantitative level
which is responsible for structure of dependences and
interactions of components of the joint distribution of the two-
parametric  discrete-continuous random variables in a
quantitative superstructure {Fy (u,,x€S), X c S} as the set
of the conditional distribution functions from the joint
distribution of the continuous random vector {&,,xe S}

(fig.3).
The joint distribution of the random vector {p , x € S} is

input data for a series of practical problems [I, 2, 3, 6].
According to Theorem 1 to estimate the joint distribution of the
random vector {p,,x € S}, we need to be able to solve the

1, u,>c,, VxeX®
0, '

H ch(”x):

YeX© otherwise.

following two problems:

Problem 1. Approximation of the eventological distribution
of the I-st sort which plays the role of the random set basis

( 2N parameters) in our model.
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Problem 2. Modeling the joint distribution of a continuous
random vector {&, xS}

Thus, the problem of modeling the joint distribution of
discrete-continuous random vector moved from the domain of
a multivariate distribution function to area of assessment of its
parameters.

As a rule, using real statistics we can estimate only 2N
parameters:
1. N probabilities of II-nd sort { Px, XcS§ };

2. N marginal distribution functions {F g, X€ S}.

For solving the first problem, we used methods that were
considered in [3, 6, 10, 12, 13].

Fy

s

a/’

Flug,u,)

u\t:

b)

Figure 3. Example of the graphical representation of the joint distribution
function of two-parametric discrete-continuous random variables py and

Py (b). It is constructed from the joint distribution of c.r.v. £y and <“,y (a).

Detailed consideration of this example in the work [14, 15].

If the random variables are independent, their joint
distribution is determined through the product of the marginals.
Otherwise, the second problem may be solved using the
concept of copula to describe dependence between random
variables that relates the marginal distributions to their joint
distribution function [7, 8, 9, 10, 16, 17, 18].
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The statistical system can be defined as the random set of
events which form an original structure of statistical
interrelations of random events. Studying structures of
statistical interrelations of random events means learning
probability distributions corresponding to random sets of the
events. Therefore it is necessary to study some fundamental
structures of interdependence of systems of random events
which generate many known structures of interdependence of
random variables, random vectors, random processes and
fields and demand special research by random set methods.
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