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Abstract— In this paper, we consider the vertex separator
problem. Given an undirected graph G, the vertex separator
problem consists in identifying a minimum number of vertex set
whose removal disconnects G. We present a new mathematical
model for solving this problem and also present computational
results on graphs with various density.
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I.  INTRODUCTION

Connectivity of graphs is one of the most famous and
fundamental notions for analyzing various types of graph
problems. It is also useful in network design problems. The
connectivity of a graph is an important measure of its
robustness and reliability as a network. Connectivity is closely
related to minimum cut maximum flow theorem discovered by
P. Elias, A. Feinstein and C. F. Shannon [1] and L. R. Ford and
D. R. Fulkerson [2]. Therefore, many graph algorithms have
been proposed for solving the graph connectivity problems are
based on the minimum cut maximum flow theorem. One can
use a maximum flow problem to find a local minimum cut
between any pair of vertices. Hao and Orlin [5] proposed an
algorithm to compute the maximum flow problem running in
O(mnlog n2/m) time in either a directed or an undirected
network. Afterwards, Karger [6] presented an algorithm for
finding the minimum cut of an undirected graph in O(n2log3n)
time. The algorithm does more than find a single minimum cut;
it finds all of them.

In a connected graph G, a separator or a vertex-cut S is a
subset of vertices whose removal separates G into distinct
connected components. S is called a (a— b) separator if and
only if it disconnects non-adjacent vertices a and b. A minimal
(a,b) separator is an (a,b) separator such that no subset of it is
an (a,b) separator. A separator is called a minimal separator if it
is a minimal (a,b) separator for some pair of vertices a,b. Kloks
and Kratsch [8] give an algorithm to compute all minimal
separator of a graph G in polynomial time O(n5) per separator.
In [7], Berry et al. present an efficient algorithm which
computes the set of minimal separators of G in O(n3) per
separator. Their process is based on a new structural result,
derived from the work of Kloks and Kratsch on listing all the
minimal separators of a graph.

The vertex separator problem (VSP) in an undirected graph
asks for a partition of its vertices into nonempty three subsets
A, B, C such that there is no edge between A and B, and |C]| is
minimized subject to a bound on max{|A|, |B|}. The VSP is
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NP-hard [11]. The problem we study in this paper is a
generalization of VSP in which max {|A|, [B|} <|N| — 1. Souza
and Balas [9] discuss a polyhedral approach for the VSP and
devise a branch and cut algorithm. This is the first work that
addresses a polyhedral analysis of the VSP. Then, Biha and
Meurs [10] study the VSP from a polyhedral point of view, and
give a complete description of the associated polytope.

The graphs we consider are simple, finite, undirected,
loopless. A graph is denoted by G = (V, E), where V is the
vertex set and E is the edge set. If u, v € V, we will denote by
uv an edge between u and v. If W & V is a vertex subset of G,
then the set of edges that have only one vertex in W is called a
cut and is denoted by G (W). When it is clear that the cut is
taken with respect to G, we will simply denote it by 6 (W). We
will write 6 (v) for 6 ({v}). A cut 6 (W) such thats € W and t
€ V\ W will be called an st — cut. Let v and w be two non-
adjacent vertices in a graph G. A set S of vertices is a v — w
separating set if v and w lie in different components of G— S;
that is, if every v— w path contains a vertex in S. The minimum
order of a v— w separating set is called the v— w connectivity
and is denoted by « (v, w). The connectivity k (G) of a graph
G = (V, E) is the smallest number of vertices whose deletion
from G produces a disconnected or trivial graph. Clearly, a
complete graph cannot be disconnected by deleting vertices,
but all other graphs can. It is not hard to see that in any case,
K (G) =min {k (v, W) | v, w € V}.

This article is organized as follows. In the next section, we
propose an integer programming formulation for the vertex cut
problem. In Section 3, we give some concluding remarks.

II.  MATHEMATICAL FORMULATION FOR THE
MINIMUMVERTEX CUT SET

The following mathematical model gives the maximum
cardinality set of vertex-disjoint paths between a source vertex
and a sink vertex.

max [ Z Xsj = Z Xs + Z Xje — Z Xyl /2 (1)

(s.jleE (j.s)eE (j.t)eE (t.jleE

subject to

Baku, Azerbaijan



1V International Conference “Problems of Cybernetics and Informatics” (PCI'2012), September 12-14, 2012
www.pci2012.science.az/7/48.pdf

-1 if i =s,
Yomio Y wy={ 0 oterwiseVieN (@)
jes—in Jed* (1) 1 if i=t,

([ IN]-1 if j=s1

Yij = { 1 otherwise,Vj € N )
(i.j)eE

0=x;=1, VG eE €
x;;=0vl, V(ij)eE (5)

where &, (i) is the set of arcs directed out of vertex i and J,, (i) is

the set of arcs directed into vertex i in the graph G = (V, E). The
objective function of the integer programming problem (1)-(3)
and (5) yields the maximum number of vertex-disjoint paths
between a pair of vertices.

It is well known that the dual of the maximum flow problem
is the minimum-cut problem. By the similar idea, the dual of
the maximum cardinality set of vertex-disjoint paths gives a
minimum vertex separator (minimum vertex cut). The dual
problem of (1)-(4) (without the constraints (5)) can be
formulated as follows:

min z;; + w; + (IN] = 1)(ws + wy) (6)

(i,J)e E (ie N)
subject to

w—w;Twptz; =0, V(,j)eE, i#st A jFst, (7)

wi+ Wtz = V(s ek, j =L, (8)

—u; + W5+Z)'s:;_%‘ VU,S}EE.j-‘Ft, (9)

—U; + W T Zjt 2% V(jt)eE, j=s, (10)

U+ Witz == V(L)) eE, j=s, (11)

w; = 0, ZE}' =0. (12)

In this dual linear program, u, is the dual variable for the flow

balance constraint (2) at vertex i. W, and Z; are the dual variables

for constraints (3) and (4), respectively.

III.

In this section, we present numerical results obtained for
the minimum vertex cut set. LP model was implemented
using CPLEX 11.0 and tested on a workstation with a 2.8 Ghz
processor with 8 cores and 3GB RAM.

Our random problem generator creates test problems. It
uses the following two input parameters: the number of
vertices |V] and the density of the number of edges |E| in the
graph. Random problems with 10 to 100 vertices were

COMPUTATIONAL RESULTS
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generated, and we tested five instances of each size. Table 1
reports the average results obtained for randomly generated
problems. Abbreviations used in the table are:

n : the number of vertices of the problem
K : the number of vertex-disjoint paths
Cpu : the time in seconds
d . edge density of the graph [ ;_ _ 2| E|
VIV -1
TABLE 1. COMPUTATIONAL RESULTS
d=0.25 d=0.50 d=0.75 d=0.95 d=1
n K Cpu K Cpu K Cpu K Cpu K Cpu
10 1 1,047 3 0,578 6 0,359 7 0,235 9 0,00
20 1 1,953 6 1,343 8 1,000 15 0,454 19 0,00
30 4 1,844 9 1,985 16 1,282 24 0,532 29 0,00
40 5 4,141 14 2,875 20 1,797 34 0,656 39 0,00
50 7 4,656 18 3,641 30 1,828 43 0,703 49 0,00
60 7 6,047 21 4,375 37 2,828 53 0,844 59 0,00
70 9 7,063 22 6,000 41 3,828 62 1,032 69 0,00
80 12 8,250 29 7,063 48 5,359 71 1,406 79 0,00
90 13 9,782 34 9,188 59 6,047 79 2,125 89 0,00
100 15 12,297 39 13,688 63 10,250 89 2,688 99 0,00

144

IV. CONCLUSION

In this article, we have introduced a new mathematical
model for finding all vertex-disjoint paths between one pair of
vertices in an undirected graph. Then, by the dual of this model
we solved the vertex cut set problem between any pair of
vertices. The latter model requires [V|- 6 (G) (minimum degree
of the graph G) runs to find the minimum vertex cut set in a
graph.

REFERENCES

P. Elias, A. Feinstein, and C. F. Shannon, “A note on the maximum flow
through a network, “IRE Transaction on Information Theory, IT-2,
1956, pp. 117-119.

L. R. Ford and D. R. Fulkerson, “Maximal flow through a network,”
Canadian Journal of Mathematics, 1956, pp. 399-404.

M. R. Henzinger, S. Rao, and H. N. Gabow, 2000, “Computing vertex
connectivity: New bounds from old techniques,”. Journal of Algorithms,
vol. 34, pp. 222-250.

M. Sharir, “A strong-connectivity algorithm and its applications in data
flow analysis,” Computers and Mathematics with Applications,
1981,vol.7, pp. 67-72.

J. Hao, J.B. Orlin, “A faster algorithm for finding the minimum cut in a
directed graph,” J. Algorithms, 1994, vol.17, pp. 424-446.

D. R. Karger and C. Stein, “A New Approach to the Minimum Cut
Problem,” Journal of the ACM, 1996, vol. 43, pp. 601-640.

A. Berry, J.P. Bordat, and O. Cogis, “Generating All the Minimal
Separators of a Graph,” Proc. WG, 1999, pp. 167-172.

T. Kloks and D. Kratsch, “Listing All Minimal Separators of a Graph,”
SIAM Journal on Computing, 1998, pp. 605-613.

E. Balas and C.C. de Souza, “The vertex separator problem: a polyhedral
investigation, ” Mathematical Programming, 2005, pp. 583—608.

(1]

M. Didi Biha and M. Marie-Jean, “An exact algorithm for solving the
vertex separator problem,” Journal of Global Optimization, 2011, pp.
425-434.

T.N. Bui and C. Jones, “Finding good approximate vertex and edge
partitions is NP-hard”, Inf. Process. Lett. 42, 1992, pp.153-159.

Baku, Azerbaijan





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


