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Abstract— In the work, we define (,f,v,0,®)-Lipschitz
functions at a point in a metric space. We also study a number
of their properties and consider extremum problems with
constraints. Using distance functions, we obtain a number of
theorems concerning the exact penalty. We obtain necessary
extremum conditions under some constraints in a Banach
space.
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I. INTRODUCTION

The prominent role that nonsmooth analysis plays in
connection with optimization theory is widely recognized,
especially since the latter has natural mechanisms that
generate nonsmoothness: dualty theory, sensitivity and
stability analysis, mechanics, economics, etc.

In work [1] we have defined class @ —(a,B,Vv,0) of
Lipschitz functions in point and usinq that function we have
obtained high order necessary conditions of extremum for
extremal problem with constraints. We also study a number
of their properties and using distance functions, we obtain a
number of theorems concerning the exact penalty.

I1. PROPERTIES OF (@.,,V,8,®) -LIPSCHITZ FUNCTIONS

Let (X,d) be a metric space, G , C=X, f: X3R, >0,
v>0, B>av, 5>0 and (y: R, >R,: where  ®(0)=0,
R, =[0,+00)- Let us assume
B(x,d) = {y eX:d(x,y)< 8}~

The function f{ is called a (g, B,v,0,m) -Lipschitz

function with the constant K at the point X if { satisfies
the following condition

B-av

[fy)-f(x)<Kd(xy)" 4P ™ rd(xy) @) [rad(xD)

for X,y €B(X,0)- If ®(t)=0, then the function f is
called a (q,3,v,8)- Lipschitz function with the constant
K at the point X .

$IEEE

The function f is called a (o, B, v, ®) -Lipschitz
function with the constant K at the point X e G with
respect to the set (3 if f satisfies the following condition

p-av
If(y)-fx} <Kd(xy)" AP ™ +d(xy) @) [reld(x)

for x, yeG- If (t)=0, then the function f is called a
(o, B, v) -Lipschitz function with the constant K at the
point X e G with respect to the set (G .

The set of all functions f:B(X,8) >R satisfying the
(o, B,v,d) -Lipschitz condition at the point X is denoted
by L(a,p,v,).

Lemma 1.1. L(a,B,v,8) is a normalized space with
respect to the following norm

ACORNAC))

[£1l,=sup +H D]

x,yeB(X,0)
yax

dexy)| dxP @ +dxy) @)

If fel(a, B,v,0) then from the definition of the
(a,B,v,8)- Lipschitz functions it follows that f is
continuous at the set B(X,9) -

The function f is called a (8,8, ®) - bilipschitz function

with the constant K at the point X, if f satisfies the
following condition

Ify)—f(x)] < Kd(x,y)2(d(x,9) + d(y. )20 + o(d(x.5)
for X,¥ eB(X,9),86>0,and 0<0<2.
Lemma 1.2. If f satisfies the (@,8, ) -bilipschitz

condition at the point X, then f satisfies the
(1,2,6,9, ®) -Lipschitz condition at the point X.

Conversely, if f satisfies the (1,2,0,8,w)-Lipschitz
condition at the point X, then f satisfies the (6,5,m)-

bilipschitz condition at the point X .
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Lemma 1.3. If the function fr, te(), satisfies the
(o, B, v,0, ) -Lipschitz condition with the constant Lt at

L= sup{LT Te Q}< +o0> then

f(x)= supf_(x) satisfies the (o, B, v,08,®) -Lipschitz
T 2 b b b
1eQ
condition with the constant L at the point X as well.

The function f is called a strongly (o, B,v,d)-

the point X and

Lipschitz function with the constant K at the point X if
there exists a function (- , Where R
®:R, >R, i o

such that f  satisfies the following condition:

B-ov

fy)-fix)< Kd(Xy)V(d(X,X)B“V +d(xy) " )j +o(dosP)

for x,y € B(X,9)-
The function f is called a conditionally (o, B,v,0)-
Lipschitz function with the constant K at the point X if

th ist functi . h
ere exists a function :R >R, Where
. o(t) , such that f satisfies the following
lim—— =

o ¢

condition

B-ov
K| deRP Prd(xy) @) [rod@P)

for x,yeB(X,0), d(y,X)<d(x,X)-

III. MINIMIZATION PROBLEMS IN A METRIC SPACE
Let (X,d) be a metric space, G, CcX, f:X—R, o>0,
v> 0, B=av, 5> 0, and o:R, >R, where @(0)=0. Let
us assume d(x)=d,(x) = inf{d(x,y):yeC}-

Theorem 2.1. Let x0 be a minimum point of the
function f at the set C, and f satisfies the (o, B,v,m)-

Lipschitz condition at the point X, with respect to the set

G with the constant K and C — G - Then for any ), > K
the function

B
g (O=ACHN d* (xpd(xx, ) d' ()| +oo(d(x5,))

reaches at (3 its minimal value at the point X, € G, and if
A > K., then any point minimizing g)(x) at the set G
belongs to C , where §v (x) =d(x)":

Corollary 2.1. Let X, be a minimum point of the

function f at the C, and f the
(o, B, v, d, ) -Lipschitz condition at the point X, with the

set satisfies

$IEEE
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constant K and C B(x,,d)- Then for any ) > K the

function
B
g (x)=f (X)+A(d°‘ (x)+d(x, Xo)'“‘”dv(X)}w(d(Xa X))

reaches at B(x,,0) its minimal value at the point
X, € B(x,,0) and if )\ > K, then any point minimizing
gk(x) at B(x,,8) belongs to C .

Theorem 2.2. Let X, be a minimum point of the
function f at the set {X eC:g.(x)<0, i=1,_n}’ where
g :X—> R, the functions { and gi=1ln" satisfy the
(a, B, v,8,m) -Lipschitz condition at the point x,€C
with the constant K, C — B(x,, 8)- Then for any A >K

the function
2, (X) =
n - n +
ma){ro(f(x)—f(xo))+2rig(x):1ri >20,i=0n, >x :1}
i=l i=0

+0 B
de(x) +d(x, %) d"(x) |+ o(d(x,X,))

reaches at B(x,,0) its minimal value at the point
X, € B(x,, 8) and if ), > K, then any point minimizing
g A(x) at B(x,, 8) belongs to C .

Theorem 2.3. Let X, be a minimum point of the
function f at the set {Xec:gi(x)SO, i=1,_n}’ where
g : X — R, and functions f and g ; _1 7, satisfy the
(a, B, Vv,8,®) -Lipschitz condition at the point x, €C
with the constant K, C — B(x,, 8)- Then for any ) > K

the function
g, (x) = max{f (x) — f(x,), g, (X),...., g, ()} +

B
%[d“ (y) +d(y,x,)" ™ d" (Y)j +o(d(y,x,))

reaches at B(x,,8) its minimal value at the point
X, € B(x,, 8) and if A > K, then any point minimizing
g, (x) at B(x,, 8) belongs to C .

Let X and Y be metric spaces, U — X be an open set.
If for any BX(X,r)CUthere holds true the inclusion

F(B(x,1)) D B, (F(x),ar), then it is said that the
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operator F covers the open set U with the constant g4 > (.
Let us assume that BS(Q): {X eX:d(x,Q) < 8} is an
closed € -neighborhood of the set () .

Theorem 2.4. Let X be a full metric space, Y be a
Banach space, U be an open set inX, the continuous
mapping F:U — Y cover the open set U with the constant
a>0, Qc U be a bounded set, there exist a number

>0 that Bg(Q) U
{x e UF(x)=0}={x e Q:F(x)=0}. the

f:U->R>
Lipschitz

such and

functions
(o, B, v, @)
x, €C> where
C= {X eQ:F(x)= ()}, with respect to the set () with the
constant K , and x0 be a minimum point of the function f,
at the set {X eQ:f(x)<0,i= L_H, F(x)= ()}. Then there
exists m, >0 such that for any u>m, the function

i=0,1,...,n, satisfy the

condition at the point

g,(x) = max{f,(x) = f,(x, ), f, (x),.... T, (X) |+

| [Feo|* +d(x,x P [F)| [+ od(x.x,))

reaches at () its minimal value at the point X, € and

any point minimizing gu(x) at Q) belongsto C .
Theorem 2.5. Let X, be a minimum point of the

function f at the set {Xec:gi(x)SO, i=1,_n}’ where

g : X >R, the functions f and g, satisfy the

v = L_n )
(a,B,v,0) -Lipschitz condition at some point X e C with
the constant K, Cc B(X . Then for any A > K the
h C (X, ). Then fi A h

function

gk(X)=
n . - n +
max{ro(f(x)—f(xo))+§rigi(x):ri >0,i=0,n, ;ri :1}

AOB
(d“ (x) + d(x,i)ﬁ-“d”(x)j

reaches at B(X, 9) its minimal value at the point

X, €B(X, §), and if A >K,
X, minimizing g A(x) at B(X, ) belongs to C .

then any point

Theorem 2.6. Let X, be a minimum point of the
function f at the set {X eC:f (x)<0, i=1,_n}’ where the

functions f, and

f:X—>R,i=1pn- satisfy the
(oL, B, v, 8) -Lipschitz condition at some point X € C with

$IEEE
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the constant K, Cc B(X, 8). Then for any), > K the
function

g, (x) = max{f, (x) = £,(x,), £, (x),..... T, ()} + %
B
(d‘*(x) +d(x,x)P v d" (x)j

B(x, d)
X, € B(x, 9) and if )\ > K, then any point minimizing
g, (x) at B(X, 8) belongsto C.

Let X be a metric space, £:X —>§=RU{J_roo}’
domf= {xeX:|f(x)|<+oo}a and x edomf- Let us

assume

reaches at its minimal value at the point

f*(xo)zﬁqM

=x - d(X,X,)
f(x,)= thM '
X—Xg d(X,XO)

Theorem 2.7. Let X be a metric space, X0 be a
minimum point of the function f at the set C, { satisfy the
Lipschitz condition in the § -neighborhood of the point X,

with the constant K, and CCB(XO,S)- Then

f7(x,)+Ad"(x,) >0 and £ (x )+id (x,)>0 forany
A=K

Let X be a Banach space. Let us assume
d,(x)=d*(x)- If f:X — R, then assume

f+ (XO,X) — %,1 f(XO + tX) B f(XO)

t
£ (x,:x) = li_mf(xo +tx) —f(x,)
[ t
£ (x,:x) = lim f(x, +tx)— 2f(§<0) +f(x, —tx)
1o t
@+ (XO; X) — Egl f(Xo + tX) — 2ff§(o) + f(Xo — tX) ’

Theorem 2.8. Let Xobe a minimum point of the

function f at the set C and f satisfy the strongly
(1,2,1,8)-Lipschitz condition at the point X, with the

constant K, C B(x,,d)- Then

£ ()G (x5 x A 0 (o)A d (3x-%)=0
forany ) >K and xeX.
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IV. CONCLUSION 3) Obtain necessary extremum conditions under some

1) In the work, we define (a,f,v,5,w)- Lipschitz constraints in a Banach space.

functions at a point in a metric space and study a number of

their properties. REFERENCES
2) Using distance functions and (o,p,v,38,0)- Lipschitz [1]1 Sadygov M.A. Analysis of nonsmooth optimization problems. Baku,

functions at a point, we obtain a number of theorems 2002, 125 p.
concerning the exact penalty.
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