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Abstract— A problem on optimal control of processes 
described by totality of a parabolic type equation and ordinary 
differential equation with moving sources is investigated in the 
paper. In spite of applied importance of problems with moving 
sources controls, at present they have not been studied enough. 
A theorem on existence and uniqueness of the solution is solved 
for the optimal control, sufficients conditions of Frechet 
differentiability of quality test and an expression for its 
gradient are obtained, necessary conditions of optimality in the 
form of point wise and integral maximum principles are 
established for an optimal control problem considered in the 
work. 
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I INTRODUCTION 
Let’s consider controlled process described by the 

parabolic equation 
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with boundary and initial conditions 
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,0),(),( lxxoxu ≤≤=ϕ                                  (3) 
where 0,, >Tla  are given numbers;  )(⋅δ - Dirac’s 

function;  { };0,0:),( Ttlxtx ≤<<<=Ω  

),0()( 2 lLx ∈ϕ ,  )2,1(),0()( 2 =∈ iTLtgi  -are the 
known functions; 

),0())(),...,(),(()( 221 TLtptptptp n
n ∈= - is the control 

function. The functions   ),1)(,0()( 1 nkTHtsk =∈  are 
supposed the solutions of the following Cauchy  problem  
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where 0ks -are the given real numbers; 

),0())(),...,(),(()( 221 TLtttt r
r ∈== ϑϑϑϑϑ - is the control 

function; functions ),1)(,,( nktsf kk =ϑ  is continuous, are 

continuous derivatives at s  and ϑ  for 
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and they are bounded: 
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 The functional spaces )(1,1
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2 ΩV , 

),0(1 TH used below are introduced, for example in [3]. 

Pair of functions ))(),(( ttp ϑϑ = we will call 
controls. For brevity we denote by 

),0(),0( 22 TLTLH rn ×=  a Hilbert space of pairs 

))(),(( ttp ϑϑ = with scalar product  
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Suppose, that control ))(),(( ttp ϑϑ =  is found on 
the set of admissible controls
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Let’s consider the problem of minimization of 
functional 
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at the solutions ));(),;,(())(),,(( ϑϑ tstxutstxu = of 
boundary value problem (1)-(4), which correspond to all 
admissible controls V∈ϑ , where 

),,1(0,0,0, 2121 niAi =>>+≥ αααα

−=> ),1(0 rjB j  are given numbers; 
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known functions.  

II CORRECTNESS OF PROBLEM STATEMENT 
Definition.  The problem about finding of functions 

));(),;,(())(),,(( ϑϑ tstxutstxu =  from conditions (1)-

(4) at the given control V∈ϑ  we said the reduced 
problem. The solution of the reduced problem (1)-(4), 
corresponding to the control Vttp ∈= ))(),(( ϑϑ , is 
understood as functions ))(),,(( tstxu  from 

)),0(),(( 1
0,1

2 THV nΩ , where the function ),( txuu =  
satisfying the integrated identity  
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for )(),( 1,1
2 Ω∈=∀ Wtxηη  and ,0),( =Txη   where  

function );()( ϑtsts kk =  satisfies the integrated equation 
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It follows from the results of the papers [3-4]  that for 
each V∈ϑ , the reduced problem (1)-(4) has the unique 

solution in )),0(),(( 1
0,1

2 THV nΩ . Let the conditions 
accepted in the  statement of problem (1)-(6) be fulfilled. 
Then problem (1)-(6) has at least one solution. It should be 
noted that the problem (1)-(6)  for )2,1(0 == jjα  is ill-
posed in the classic sense [5]. However it holds  

Theorem 1. There exists a dense subset K of the space 
H , such that for each K∈ω  for )2,1(0 => iiα  the 
problem (1)-(6) has a unique solution. 

III NECESSARY CONDITIONS OF OPTIMALITY 

Let ),( txψψ =  be a solution of the problem in 

)(0,1
2 ΩV : 
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which conjugated to (1)-(6), where ),( Txu - value is a 

solution of reduced problem (1)-(4) for Tt = and  )(tqk  

is a solution of conjugated problem in ),0(1 TH : 
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The function ),( txψψ =  satisfies the i identity 
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for )(),( 1,1
211 Ω∈=∀ Wtxηη  and ,0)0,(1 =xη  the 

function )(tqq =  satisfies the equation  
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The conjugated problem (9)-(12) is a mixed problem for 
the linear parabolic equation. If in relations (9)-(12), instead 
of a variable t  we take a new independent 
variable tT −=τ , we get a boundary value problem of the 
same type as (1)-(4). 

Therefore, it follows from the facts established for 
problem (1)-(4) that for each given Vttp ∈= ))(),(( ϑϑ  
problem (9)-(12) has a unique solution 
in )),0(),(( 1

0,1
2 THV nΩ . 
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is said to be Hamilton-Portraying function for problem (1)-
(6). 

Theorem 2. Let the functions ),1)(,,( nktsf k =ϑ  be 
continuous in totality of all its arguments together with all 
its partial derivatives with respect to variables ϑ,s  at 

],0[),,( TEEts rn ××∈ϑ  and besides, are satisfied 
following conditions : 

)(),,(),,( ϑϑϑϑ Δ+Δ≤−Δ+Δ+ sLtsftssf kk , 

),(),,(),,( ϑϑϑϑ Δ+Δ≤−Δ+Δ+ sLtsftssf ksks  
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),(),,(),,( ϑϑϑϑ ϑϑ Δ+Δ≤−Δ+Δ+ sLtsftssf kk

for every ),,,( tss ϑϑ Δ+Δ+      
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Then the functional (1) is Frechet differentiable and 

the expression 
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is valid for its gradient. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Тheorem 3. Let all conditions of the theorem 2 be 
fulfilled and ))(),,(()),(),,(( **** tqtxtstxu ψ  be solutions 
of problems (1)-(4) and (9)-(12), respectively, for 
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