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Abstract— In this paper the optimal control problem is
considered, when the state of the system is described by the
impulsive differential equations with integral boundary
conditions. By the help of the Banach contraction principle the
existence and uniqueness of solution is proved for the
corresponding boundary problem by the fixed admissible
control. The first variation of the functional is calculated.
Various necessary conditions of optimality of the first order
are obtained by the help of the variation of the controls.
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. INTRODUCTION

Impulsive differential equations have become important
in recent years as mathematical models of phenomena in
both physical and social sciences. There is a significant
development in impulsive theory especially in the area of
impulsive differential equations with fixed moments; see for
instance the monographs [1-3] and the references therein.

Many of the physical systems can be described better by
integral boundary conditions. Integral boundary conditions
are encountered in various applications such as population
dynamics, blood flow models, chemical engineering and
cellular systems. Moreover, boundary value problems with
integral conditions constitute a very interesting and
important class of problems. They include two, three, multi
and nonlocal boundary value problems as special cases, (see
[4-6]). For boundary value problems with nonlocal boundary
conditions and comments on their importance, we refer the
reader to the papers [8-10] and the references therein.

The optimal control problems with boundary conditions
have been investigated by the authors [7].

In the present paper, we investigate an optimal control
problem in which the state of the system is described by the
differential equations with integral boundary conditions.
Note that this problem is a natural generalization of the
Cauchy problem. The matters of existence and uniqueness of
solutions of the boundary value problem are investigated,
first variations of the functional are calculated.

II. PROBLEM STATEMENT

Consider the following impulsive system of differential
equations with integral boundary condition
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on the solutions of boundary value problem (1)-(4).
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have continuous and bounded partial derivatives with respect

X
to >V
solution of the

and Y up to second order, inclusively. Under the
boundary value problem (1)-(3)

corresponding to the fixed control parameteru(')e v Wi
mean the function X(0):[0.T]> R

[0,7] 1=t i=12,

e
that is absolutely

continuous on P and continuous

from the left for = tf, for which there exists a finite right
A7) . i=12,

limit it/ for P Denote the space of such

pc(jo.7]R")

functions by . It is obvious that such a space

Baku, Azerbaijan



1V International Conference “Problems of Cybernetics and Informatics” (PCI'2012), September 12-14, 2012
www.pci2012.science.az/7/13.pdf

||x|| =vrai max|x(t)|

is Banach with the norm te0,7] where | | is

the norm in space R".
The admissible process {ule). x(e.u)} being the solution of
problem (1)-(5), i.e. delivering minimum to functional (5)

under restrictions (1)-(4), is said to be an optimal process,

u(r) an optimal control.

III. EXISTENCE OF SOLUTIONS OF BOUNDARY VALUE
PROBLEM (1)-(3).
Introduce the following conditions:
T
”B” <1, B= Im(t)dt
1) Let where 0
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i=12,.
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Note that under condition 1) the matrix E+B is

(248 | <048 |

Theorem 1. Let condition 1) is satisfied. Then the

function ¥() € AC([O’T ]’Rn) is an absolutely continuous
solution of the boundary value problem (1)-(3) iff

invertible and the estimation H

x(t)=(E+B)"'C+
T

+ [K(t,7) f(z,x(7),ulr)dr +
0
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K(t,r)=(E+B) 'Nlt,7)
Q(tatk):{

Theorem 2. Let conditions 1)-3) be fulfilled. Then for

any C€R" and for each fixed admissible control, boundary
value problem (1)-(3) has the unique solution that satisfies
the following integral equation

(E+B)',0<7, <t
~(E+B)'B,t<r, <T

x(r)= (E+B)_1 C+

T
+ [K(t,7) f (z,x(r),ulr)dr +

0
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IV. THE FUNCTIONAL INCREMENT FORMULA

{u,x = x(t,u)}

{ﬁ=u+Au, §:x+Ax=x(t,L7)}

be two admissible processes. After some sufficiently
standard operations usually used in deriving optimality
conditions of the first and second orders, for the increment of
the functional we obtain the formula

)=~ (L2, ) of)

0

and

where
H(t,t//,x,u) = <y/,f(t,x,u)> - F(t,x,u),

vector function z//(t)e R and vector 4 € R" is solution of
the following adjoint problem (the stationary condition of the
Lagrangian function by state)
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