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Abstract— In this paper the control system with integral
constraint on the controls is studied. It is assumed that the
behavior of the system is described by an affine Volterra integral
equation which is nonlinear with respect to the state vector and is
linear with respect to the control vector. The closed ball of the

space L, (p > 1) with gives radius z/; and centered at the

origin, is chosen as the set of admissible control functions.
Compactness of the set of trajectories and existence of the
optimal trajectories in the optimal control problems with semi-
continuous cost functionals are proved.
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1. INTRODUCTION

Control systems with integral constraint on the controls
arise in various fields of the theory and applications of the
applied mathematics. (see., e.g. [1-5]). For example, the motion
of flying objects with variable mass, is described in the form of
controllable system, where the control function has an integral
constraint (see., e.g. [3-5]). Control system with integral
constraint on the controls whose behavior is described by a
differential equation studied in [1-8]. In [6-8] various
topological properties and numerical construction methods of
the set of trajectories and the attainable sets of the control
system with integral constraint on the controls are studied
where the behavior of the system is described by an affine
differential equation. Integral equations appear in many
problems of contemporary physics and mechanics (see., e.g. [9-
14]). In this paper the control system with integral constraint on
the controls whose behavior is described by a Volterra integral
equation is considered. It is assumed that integral equation is
affine, i.e. it is nonlinear with respect to the state vector and is
linear with respect to the control vector. The closed ball of the
space L, (p > l) with radius g and centered at the origin,

is chosen as the set of admissible control functions. It is proved
that the set of trajectories is a compact subset of the space of
continuous functions. Applying this result it is shown that
optimal control problem with semi-continuous cost functional
has an optimal trajectory.

Consider controllable system the behavior of which is
described by an integral equation
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x(1) = g(t, x(t)) + ij [K,(t,5,%(5)) + K, (t,5, x(s))u(s)|ds, (1)

to

where xe R" is the state vector, u € R” is the control
vector, € [to, 3]. The system (1) is linear with respect to the

control vector, but it is nonlinear with respect to the state
vector. Therefore the system (1) will be called an affine control
system.

Let p>1 and pg >0 be given numbers. The function
u(yel, ([to,g]; Rm) such that ||u(~)||p < g is said to be an

admissible control function where

4
o, = Tl a
ly

The set of all admissible control functions is denoted by
symbol U ,,. Thus

U, =u0) e L, ([t 81R"): ju0)], < a1
It is obvious that the set of admissible control functions is
the closed ball with radius x( >0 and centered at the origin in
the space Lp([to,g];Rm )

It is assumed that the functions and a number A given in
system (1) satisfy the following conditions:

A. the functions
g(,):[to, 9]xR" - R",
Ky(Goes) 2 tg, 9]x [t 9]x R" — R,
K5 () :[to, 9x[tg, $]x R" — R™™
are continuous;
B. there exist Ly € [0,1), Ly 20 and Ly 20 such that

lg(t, x1) = g(t.x2)| < Lo|Jx1 = x| »
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||K1(t,s,xl)—Kl(t,S,xz)"SL1||x1 —X2||,
||K2(I,S,Xl)—Kz(t,S,Xz)”SL2||X1 —X2||

for every (t,s,x1) e [to , 19])( [to , 19])( R",

(f,S,)Cz) € [t()ﬂ'g]x[t()"g]XRn;

pl
C.0<4 Ll(ng—fo)-FLz(lg—to) 4 Ho <1—L0 .

We denote

p-1
L(A)=Lo+ A Li(9—19)+ Ly (8~1t9) ¥ wy | (2)

According to the condition 2.C we obtain that L(1) <1.

Now, let us define a trajectory of the system (1) generated
by an admissible control function. Let ux()elU,. A

continuous function x«(:): [tO,S]—> R" satisfying the integral
equation

t

xu(t) = gt % () + A [[K | (1,5, x5 (5)) +

fy
+K, (t,5,x.()u(s)]ds , t€[ty, 9],

is said to be a trajectory of the system (1) generated by the
admissible control function ux(-) €U, . The trajectory of the
system (1) generated by the control function u()elU, is
denoted by x(-,u(-)) and we set

X, =C,u() u@)eU, .

Xp
obvious that X, c C([to,g];R”) where C([to,g];R") is

is called the set of trajectories of the system (1). It is

the space of continuous functions x(-): [to s 9] — R" with norm
||x(~)||c = max{”x(t)”: te [to s 9]} .

For t e [to , 9] we denote
X, (0= {x(t)eR” :x(-)eXp}.

The set X ,(¢) consists of points to which arrive the

trajectories of the system at the instant of ¢.
II.  COMPACTNESS OF THE SET OF TRAJECTORIES

Conditions A — C guarantee that every admissible control
function generates a unique trajectory.
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Proposition 1. Let u«(-)eU , . Then the system (1) has
X () = xx (-, ux () the

admissible control function ux(-).

unique trajectory  generated by

Denote

p-1

¢ +Ac, (8 —t,)+ Ac, u, (3—10)7

1-L,

where L is defined in condition B, L(A) is defined by (2),
cp =max {"g(l,O" te [to , 9]},
:(t,8) € [to, 19]>< [to, 19]},

¢, =max {||K2 (, s,0|| ((t,5) € [to , 8]>< [to , 9]}

L(A)-L

r*=a*~exp( .
]

€] =max {”Kl (t,5s,0

Proposition 2. For every x(-) € X, the inequality

o <
holds.

The following propositions characterize the equicontinuity
and closedness of the set of trajectories

Proposition 3. The set of trajectories X, is a set of
equicontinuous functions in the space C ( [to , 19]; R" )
Proposition 4. The set of trajectories X, is a closed

subset of the space C( [tg. 9]; R" ) :

From Propsitions 1 - 4 and Arzela — Ascoli theorem we
obtain compactness of the set of trajectories.

Theorem 1. The set of trajectories X, is a compact
subset of the space C( [to. 9]; R" ) :

The following theorem specifies continuity of the sections
of the set of trajectories with respect to ¢ .

Theorem 2. The set valued map t — X ,(t), t € [t0,19], is

continuous in Hausdorff metric. i.e.
h(X, (0, X () >0 as t—ts
for every t« e [to, 3].
Here h(E,G) denotes the Hausdorff distance between the
sets Ec R"and G < R" and is defined as

h(E,G)=max<supd(x,G),supd(y,E)¢,
xeE veG
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where d(x,G) = inf{"x—y" (ye G} .

III.  OPTIMAL CONTROL PROBLEM

Let y(~):C([t0,9];R”)—>R be a given lower semi-
continuous functional. Consider following optimal control
problem:

Problem A. It is required to define x«()e X, such that
the equality
(e () =inf {y(x() 1 x() € X, |
is satisfied.

In this case x«() € X, is called an optimal trajectory, the
admissible control function wux(-)eU, which generates the

trajectory x«(-) is said to be an optimal control function.
From compactness of the set of trajectories X, and lower

semi-continuity of the functional y(:):C ([[0 , 9]; R" )—) R we
have that the problem A has a solution. Thus, following
theorem is valid.

Theorem 3. The problem A has a solution, i.e. there exists
xx() € X ), such that

y(e(9) = min {y(x()) 1 x() € X , |-

REFERENCES

M. Motta and C. Sartori, “Minimum time with bounded energy,
minimum energy with bounded time”, SIAM J. Control Optim.,vol. 42,
pp. 789-809, 2003.

(1]

<IEEE

40

[10]

[11]

A.lL Subbotin and V.N. Ushakov, “Alternative for an encounter-
evasion differential game with integral constraints on the players
controls”, J. Appl. Math. Mech., vol. 39, no. 3, pp. 367-375, 1975.

V.V. Beletskii, Studies of motions of celestial bodies, Nauka, 1972. (In
Russian)

N.N. Krasovskii, Theory of control of motion: Linear systems, Nauka,
1968. (In Russian)

V.I. Ukhobotov, One dimensional
differential games with integral constraints,
Russian)

Kh.G. Guseinov, A.A. Neznakhin and V.N. Ushakov, “Approximate
construction of reachable sets of control systems with integral
constraints on the controls”, J. Appl. Math. Mech., vol. 63, no. 4, pp.
557-567, 1999.

Kh.G. Guseinov, O. Ozer, E. Akyar and V.N. Ushakov, “The
approximation of reachable sets of control systems with integral
constraint on controls”, Nonlinear Different. Equat. Appl. (NoDEA),
vol. 14, pp. 57-73, 2007.

Kh.G. Guseinov, O. Ozer and E. Akyar, “On the continuity properties of
the attainable sets of control systems with integral constraints on
control”, Nonlinar Anal. TMA, vol. 56, pp. 433-449, 2004.

J. Banas and A. Chlebowicz, “On integrable solutions of a nonlinear
Volterra integral equation under Carathéodory conditions”, Bull. Lond.
Math. Soc., vol. 41, no. 6, pp. 1073-1084, 2009.

T.A. Burton and J.R. Haddock, “Qualitative properties of solutions of
integral equations”, Nonlinear Anal. TMA, vol. 71, pp. 5712-5723,
2009.

AM. Lyapunov, “Sur les figures d'equilibre peu differentes des
ellipoides d'une masse liquide homogene douee d'un mouvement de
rotation, Premiere partle. Etude generale du probleme”, Zapiski
Akademii Nauk, St.Petersburg, pp. 1-25, 1925.

A.D. Polyanin and A.V. Manzhurov, Handbook of integral equation,
CRC Press, Boca Raton, 1998.

P.S. Urysohn, Works on topology and other fields of mathematics, I,
Gosudarstv. Izdat. Tehn.-Teoret. Lit., 1951. (In Russian)

M. Vath, Volterra and integral equations of vector functions, M. Deccer
Inc., New York, 2000.

projection method in linear
Chelyabinsk, 2005. (In

Baku, Azerbaijan




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


