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Abstract— A problem of optimal stabilization of the injected gas 
and production rate of oil wells by gas lift method is considered. 
Under certain natural assumptions, the general problem is 
reduced to the linear quadratic control problem ( LQCP) that 
allows one to find program controls and trajectories on which 
optimal regulator is constructed over the whole or a part (by 
production rate) of phase coordinates. For the specific case, 
numerical examples are illustrated demonstrating possibility of 
use of this method. 
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I.  MATHEMATICAL MODEL, CONSTRUCTION THE 
PROGRAM TRAJECTORIES AND CONTROLS 

The mathematical model describing the gas lift process in 
the form of the system of partial differential equations [1-3] 
that under certain natural assumptions is reduced to the 
following linearized system 
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Usually, in such problems, it is required to find minimal 

volume of gas in order to receive the given production rate of 
oil. Further, we could accept this volume and production rate 
as program control and trajectory, respectively [4,5]. In the 
present case, the control law should be determined so that the 
production rate  could be stabilized near program trajectory [2, 
6]. 

Description of this process by the system of partial 
differential equations is very complicated problem [7]. Thus 
the given problem is reduced to the  following LQCP [4, 8, 9]                                      
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Choosing a symmetric matrix N  from (3) in the 

appropriate way, we can give to problem (2), (3) the following 

sense [2, 6]: for the minimal discharge of injected gas one can 
get desired production rate whose value is determined by the 
variable  x . 

From problem (2), (3) we can determine optimal 
trajectories )(txop and controls )(tuop .  

Notice that for above-mentioned data, optimal program 
trajectories and controls obtained on the segment ],0[ T  are 
given in fig.1 

 

         
                     a)                                             b) 
    Figure.1. Optimal program trajectory a) and control b) 
 
Thus, in spite of the fact that for 2=n  system (2) very 

roughly approximates equations (1), the obtained results are 
close to with the character of experimental results for some 
taken well [1, 2, 6].   
Another algorithms from reviews papers [10, 11] may be used 
for large values of  n .  

Notice that to study the consideration optimal stabilization 
problem we should have program trajectories and controls on 
[ )∞,0 . Since we want to maintain the obtained result in 
certain time, it is expedient to determine program trajectories 
and controls 
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that will be used in constructing appropriate controllers. 
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II. STABILIZATION PROBLEM 
Now, let’s consider the stabilization of injected gas and 

production rate near the found program controls and 
trajectories  )(tu pr  and )(tx pr . Really, as in [4], denoting 

by ),()()( txtxt pr−=ε  )()()( tutut pr−=ν  for the 
stabilized object we have the following system of equations 

 
                  νεε GA +=& ,                                (5) 

 
where it is required to determine such control law  

εν K= ,                                     (6) 
 

that minimizes the quadratic functional  
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It is known that  [4, 12] ,for determination of  K  we have 

the following formula    
SGRK ′−= −1 , 

where S   is a positive – definited solution of the following 
matrix algebraic Riccati equation   
 

                 01 =−+−− − QSGSGRSASA TT .             (8) 
 
For the solution of  (8) there are well known computing 

algorithms [13,14] that will be used in for construction the of 
controls (6). From  (5),(6) for determination of current values 
of  )(),( tutx  we have  

prpr GuAxGuAxx −−+=
.

,               (9) 

,prpr KxuKxu −+=                       (10) 

For the above mentioned values of the parameters for 
stabilization of the production rate  )(2 tQ we get fig.2  
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Figure.2. Stabilization in all phase coordinates. 

As shows the calculating experiment,  )(tx  approaches to  

)(tx pr   sufficiently  close after   25>t  . 
The present stabilization problem considers all the 

coordinates of the object. However, we are interested only in 
production rate )(2 TQ , therefore, we can simplify the 
stabilization problem, i.e. we observe ,Cxy =  where 

[ ]1000=C . Then instead of  (10) we  look for an 
appropriate control in the form   [15]:   

                          
                      )()( 22 tWQutWQu prpr −+=                                 
 

and the solution of problem (5)-(7) is reduced to definition  of  
W  from the following  nonlinear  system of matrix equations 
 

)(1 TTT CUCSUCGRW −=  

   0)()( =+++++ KRKCCQGWCASSGWCA TT ,    
(11)              

                 EGUCAUUGUCA T =+++ )()( , 
 
where the unknown symmetric matrices S  and U  must be 
defined. 

Here we assume that the initial value 0x  is a random 
variable with zero mathematical expectation and dispersion 

Exx T >=< 00
. To sole the system of nonlinear equations (18), 

there exist various algorithms. Applying them [14, 15], we get 
the following value  
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Stabilization on incomplete observation is represented in 
fig.3 
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Figure.3. Stabilization on incomplete observation. 

 

III. CONCLUSION 
In the paper, calculating algorithms for finding program 

trajectories and algorithms on the base of well known LQCP 
for gas lift process are cited. Further, an optimal control on the 
whole and a part (by production rate) of phase coordinate is 
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structured. Computing experiments affirm coordination of the 
considered theory with field experimental results.  
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