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On the probability space (Q,F,(F,)o<n<n,P) We

consider the following real valued stochastic process in
discrete time as a model of stock price evolution

Sy =See™", 1)

where S, is non random and positive and

Hp = i hy (2)
n=1

with

h, =AMy, (3)

on =a, +e V-1, 4

Here (ap)ns1,(0n)ns1 are positive sequences of real
numbers, M=(M,,F,),n=012,..,N, is the Gaussian

martingale with quadratic characteristic (M) = EM2.
In this paper we investigate some properties of
proposed model (1)-(4). The following results are obtained:

Theorem 1. In scheme (1)-(4) the covariance
cov(h,_y,0,) between logarithmic return h,_; at moment

n-1 and volatility &, at next moment n is negative for any
n=012,.., N, i.e. model (1)-(4) has fixed so called leverage
effect.

Proof . It is clear, that from (1)-(4)
Eh, = E[6,AM ;] = E[(a, +e P"Mn-1)x
AM, ] = E[E(a, +e "Mn-1yAM , / F, 4] =
El(a, +e ""™Mn-1)E[AM,, /F, ,]]1=0

()

for any nand

4 IEEE

cov(h,_1,0n) = ERy g0y, — . (6)
Eh,4Eoy, = Ehy 40,

Using properties of Gaussian martingale we obtain

Efy-107 = El(2y g +€ " IM0-2)AM
(ag +& ML) = &, 42, E[AM, 4]+
anEle 1M -2AM, 1]+ 2y
E[fe "Mn-1AM ]+
E[e-®n-IMn-2+tnMn-Dapg ] =
a,E[e *n-IMN-2E[AM, , /F, ,]]+

an_lE[e—bn Mn-2 E[e—bnAM N1y @)
AM,_y / Fy_p]]+ E[e”®n-170n)Mn-2

E[e ™nAMn-1aM Tl

anflE[e*bnAM n-2 ]E[efbnAM n—1AM nil] .
EfeCn-L00Mn-2] e PMn-dam, ] -
[an_lE[e—bnAM n-214 E[e"®n-L1bn)Mn-27,

E[e °AMn-1AM, 1.

Note, that AM,_; has normal distribution with mean 0
and variance A(M),_; for each n and

1

2 MYy

X2 =

o0
Ie‘bnxxe 2AMIn-1 gy

—00

E[e PnAMn-1aAM, 1=

bRAM)n_1

e 2 !

—_— X
J2ma(My,

w  (cbnAM)p_1)?

Ixe 2MMin-1 gy = )

bRAM)n—1
e 2 (-byA(M)p4) <0

because by, >0 for each N .
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From (5),(6) and (7)it is clear that cov(,_4,o,) <O.

The proof of Theorem 1 is completed.

Note, that this effect was discovered by F.Black in
1976 for real financial time series, and the sense of this effect
is that falling down of return implies increasing of volatility
(see [1] about EGARCH, TGARCH, HARCH-models).

Theorem 2. In scheme (1)-(4) for any moment of time
n kurtosis coefficient k, of logarithmic return h, is
positive.

Proof . We know (see (5)) that Eh, =0 for each N and
therefore kurtosis coefficient
Eh?

e ©

At first we find Eh?:

EW = E[05(AM,,)?] =

(10)
E[62E(AM,,)?/ Fy_y] = EGPE(AM)2.
Then
4 4 44
Ehy = E[on (AM)"] = (12)
E[6AE(AM,)* 1 Fy_y] = EcAE(AM,)*
and from (9) using (10) and (11) we obtain
4 4
Eon  E(AM,) (12)

" (EcRZ[EMM)T

but AM,, has the normal distribution with expectation 0
and Kkurtosis coefficient 0, so
_E@M)* o (13)
[E(aM,)*T?

Using (13) from (12) we obtain, that

and the proof of Theorem 2 is completed.

It is known, that (see [1]-[3]) for real financial time
series the empirical kurtosis coefficient of logarithmic return
is usually positive.

Forecasting. Consider the forecasting of stock price
S=(S,,F,),n=01.., N, described by (1)-(4) on the one step,

i.e. the problem of finding S,(1)=E(S,/F>;), where
FS = ofS . k<n}.

From (1)-(4) we have

4 IEEE

Sn = Sn_1 &p{(ay +e MMN-1)aM 3.
Then
Sn(1) = E(Sy/ Fay) = S4Elexp{(a, + e PnMn-1)
AM, M ES 1= S, E[E[exp{(a, + e °Mn-1)x
AM Y R4/ Fns_l] = S,,E[E[exp{(a, + e—bnx) «
AM  Hy=m n-1 / I:ns—l] =S, _1E[exp{(a, + e—bnx) X

- AM
AMHyemp g = Snaexp{(a, +e oM n-1)2 %},

where (M), =EM?2 and it is clear, that M,, =M, (S) is
FS -measurable because

M,=Mp,_;+In SS" (a, +ePMn-160)=1 '\ o — o,
n-1

Therefore

$3(0) = Sy 1p{(aq +e Mn-1)2 200y 550

Remark 1. It is not difficult to obtain the forecasting of S
on m step, ie S,(m=E(S,/Fym) , m<n using the
representation following from (1)-(4)

n
Sn=Smexp{ Y (a,+e MMN-1)am,}

k=m-+1

Remark 2. In our financial market described by (1)-(4)
consider risky asset with the following price evolution

n
_ AM
P, =exp{ E (ay —ePkMk-1)2 %}, n=01,.., N.
k=1

If we choose P, as an numeracies we obtain that

(i—", Fnj is a martingale.

n
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