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Abstract— The paper is devoted to investigation of general
arrival process in condition of high intensity of events arrivals. It
was proved that the process distribution can be approximated by
normal distribution.
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Consider the general flow having independent and
identically distributed inter-arrival period with length 7. We
define distribution function for t in the following way. Let T =
&/ N, where & is some nonnegative random variable with
distribution function A(z) and parameter N has meaning of
great value (it’s supposed that N — +0). So

P{t} =P{&/N<x} =P{£<Nx} = AN¥).

Designate by a = M{t} — the average length of intervals
between sequenced arrival events, by b = 1 / a — the intensity of
arrival events in the process and

b=1/Mit} =1/M{E/N} =N/M{E} = N,

where

1

[(-4(z)) @z

0

We have named this arrival process as High Intensive General
Independent or HIGI arrival process because a great value N is
present in its intensity.

Let’s designate by m(f) a number of arrival events in the
process during the period of length ¢, and a length of period
between a moment ¢ and a moment when next event arrive by
z(f). Let’s consider the two-dimension random process
{m(?), z(¢)} . Probability distribution of it values designate by

P(m, z, ) = P{m(t) = m, z({) <z / N}.
We will get the following expression for this distribution, if
to use the full probability formula:
P(m, z, t + Af) = P(m, z + NAt, {) — P(m, NAt, f) +
+ P(m — 1, NAt, £) A(z) + o(Af)
from which we get Kolmogorov equation
OP(m,z,t)
ot

_ OP(m,z,t) 0P(m.0,1)

oP(m—1.0,1)
oz oz ’

+ A(z2) .
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here we use a designation:

OP(m,0,t)
0z

OP(m,z, t)|
0z

z=0

Summation of (1) over m from 0 to oo gives:

ZP(m z t)——ZP(mOt)+

m=0

igZ:J)(’lnaz')t) -
N ot 0z

+ A(z)O—ZP(m -1,0,7).

m=1

e

is probability distribution of process z(¢). Let’s designate its
distribution in stationary mode by R(z). And the following
expression for R(z) can be written:

2

Here

ZP(m z,)=P

m=0

0 dR(z) a’R(O) T A(2) dR(O)
dz dz
or
dR(z) dR(O)
1-4
= 1-40). 5
It has a solution
dR(0
R =B ¢ 1 Awoas
It’s obvious that R(+o) = 1, and we know that
j(l — A(x))dx =—
0
As a result we get
dR(0) _
dz
and the solution to (3) rewrite as follow:
R(z)= xj — A(x))dx
“)
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Let’s return to (1). We multiply it by exp{jum} where

J=~-1 and u is some variable. Then sum it over m from 0 to
oo, If we designate

H(u,z,0)= Y e""P(m,z,0),
m=0

then we get an equation for this function:

1 0H(u,z,1) _ OH (u,z,t) N OH (u,0,1) (A(z)ej“ _1).
N ot 0z 0z
Making a substitution

H(u,z,t) = H,(u,z,t)e’"™

gives an equation for function Hy(u, z, £):

1 0H,(u,z,t) .
ﬁzT)+ju7uH2(u,z,t) =
_OH,(u,z,1) N OH,(u,0,1) (A(z)e"'" _1)
Oz 0Oz )

This equation we shall solve by asymptotic analysis method
[1]. After applying a designation & =1/N and substitutions
u=zew, Hy(u, z, {) = F(u, z, t, €) expression (5) gets a form

82 aF(W,Z,t,S)
ot
_ OF (w,z,t,€) N OF (w,0,1,€) (A(Z)ej”“ _ 1)
oz 0z (6)

+ jewAF (w,z,t,€) =

Let’s designate by
F(w,z,t)= linolF(w,z,t,s).
Let’s prove the following statement.

Theorem. The solution to (6) has the following form in
condition of ¢ — 0

F(w,z.0)= R(2) exp{(‘j LR ;},

2
(7
where
k=2 (c" 2%, ®)
a and o’ is expected value and variance of random variable

correspondingly, which distribution function is A(x).

<IEEE

Prove the theorem at three stages.

Stage 1. Let ¢ — 0 in (6), then we will get:

OF (w,z,t) N GF(W,O,I)(
0z

= A(z)-1)=0.

This equation has a same form as (3), it follows that a function
F(u, z, ) can be written as

F(u, z, 1) = R(z) D(w, 1) €
where ®(w, ) is some function.

Stage 2. We will search the solution to (6) as an expansion

Fu, z, t,€) = ®(w, £) (R(z) + jewfz)) + 0(82), (10)

where f{z) is some function. Let’s substitute this in (6) and use
expansion exp{jew} = 1 + jew + O(c?), we will get:

Jewh®(w,1)R(z) =<D(W’t){d1;(z) +jswdj;(z) N
iz /4

+(dR(O) + jew 0] j(A(z) —1+ jewA(z)) [+ O(e?).
dz dz
Considering (3) and making simple transformations we get

AR(z)= %+ %(A(z) ~1)+24(z) + O(e) .

Let ¢ — 0, then we get a differential equation for unknown
function f{z):

%:@O—A(Z))—K(A(Z)—R(Z))-

Integration of the equation from 0 to +oo gives

f(+0) = £(0) = % -%— x[ [[1-R@)z- [[1- A(z)]dz] .
QY

Here f{0) = 0 because of (10) and simple probability condition

e

F(w,0,t,6) = H(u,0,)e ""M = g7 /"M Zej“mP(m,O,t) =0.

m=0
Let’s calculate integral
5= [[1-R(z)ldz = [zdR(z).

0 0
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Substitute (3) into this integral, we get

o= kTZ[] — A(Z)]dZ = %Tzsz(z)

0

and so (11) can be rewritten as

7\’3 +00

df (O) jz dA(z) - 7“5

=N (o) = 1)

where « is defined from (8).

Stage 3. Consider that

F(w,z,0,8)=H(u,z,t)e”"™" =™ """ P(m,z,1),

m=0

where
lim P(m,z,t) = P(m,t)

is a marginal distribution which doesn’t depends on z and so

lim OF(w, z,t,¢)

Z—>+to0 Iz

=0.
Considering this and applying expansion

exp{jew} = 1 + jew + (jew)> / 2 + O(&”)

in condition of z — +oo we get from (6):

i OF (w,+0,1,€)
ot

_ BF(W,O,t,S) (] w)? 1O,
oz

+ jewhF (w,+o0,t,€) =

Substitution of (10) gives:

g’ M + JEWAD(w, 1) + (jaw)* M (+o0)D(w, 1) =

= d(w, z)(ﬁwm(ﬁz) A+ (jew)? df;(o))w(a‘).

After simple transforms we get:
oD (w, 1)

P (jew) D(w, t)(%k + % - kf(+oo)j +0(¢).

<IEEE

Considering (12) and making ¢ — 0 we get a differential
equation for unknown function ®(w, f):

OCD(W t) ( jW)

Y > DOw,f)(A+x).

Boundary condition ®(w, 0) = 1 is followed from P(m, z, 0) =
R(z) if m =0 and P(m, z, 0) = 0 otherwise.

So we get a solution

DO(w,t) = exp{%(k + K)t} '

Considering (9) it follows that

F(w,z,t)= R(z)exp{(‘] w* O+ K)t}

and the proof.

When we return to function H(u, z, f) and if value of NV is
great enough we have

H(u,z,t) ~ R(z)exp{]uNMJr(Jz) N(MK):}
Consider

h(u,t)=lim H(u,z,t) —

characteristic function for a number of event arrivals m(?) in
HIGI arrival process. So, when value of N is great enough this
function has a form of Gaussian process characteristic function:

h(u,f) ~ exp{ julag+ 99 2) N(k+1<)t}

and it follows that distribution for m(f) can be approximated by
normal distribution with expected value equal to NAt and
variance N(A + K)t.

Similar results were received for high intensive MAP flow
also.
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