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Abstract— The inverse problem for a parabolic equation with an 
unknown coefficient on the right-hand side is considered in this 
work. The dependence identifying coefficient only from variable 
of time and only from phase coordinates is investigated 
separately. The numerical method to solution of the problem by 
using the method of lines is suggested. The results of numerical 
experiments on test problems are given. 

Keywords— inverse problem; nonlocal conditions; method of lines; 
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I. INTRODUCTION 
An attention to the boundary value problems with nonlocal 

conditions has increased in the last years. Nonlocal form of 
initial and boundary conditions is caused by practical 
impossibility to make measurements of the state of an object 
(or process) in its separate points or instantly in time. As a rule, 
the measured information reflects the state of a process in the 
neighbourhood of measurement point or during time interval of 
measurement, and sometimes it determines only mean value of 
the whole object and/or the mean value for the time interval of 
object’s functioning [1,2]. 

In this work an approach to numerical solution is suggested 
both boundary value problems with nonlocal conditions, and 
inverse problems of parametrical identification for dynamic 
objects described by both a system of ordinary differential 
equations, and a parabolic equation. 

II. PROBLEM FORMULATION 
Let us consider the following parametrical identification 

problem, concerning the parabolic equation: 
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under initial, final and boundary conditions: 

 ( ) ( ) [ ]lxxxv ,0,0, 0 ∈= ϕ ,  (2) 
 ( ) ( ) [ ]Ttttv ,0,,0 0 ∈=ψ ,  (3) 
 ( ) ( ) [ ]Ttttlv ,0,, 1 ∈=ψ ,  (4) 
 ( ) ( ) [ ]lxxTxv T ,0,, ∈= ϕ .   (5) 

Here functions ( ) ( ) ( ) ( ) ( )tBtxftxatxatxaa ,,,,,,,0, 21>= , 
( ) ( ) ( ) ( )ttxx T 100 ,,, ψψϕϕ  are given and satisfy the following 

matching conditions: 

( ) ( ) ( ) ( )0,00 1000 ψϕψϕ == l , ( ) ( ) ( ) ( )TlT TT 10 ,0 ψϕψϕ == , 
as well as all the other conditions of existence and uniqueness 
of solution to the problem (1)-(5), which consists in 
determining the unknown function ( )xC  and the corresponding 
solution to the boundary value problem ( )txv ,  satisfying 
conditions (1)-(5). 

For example, the following boundary value problem with 
nonlocal initial conditions is reduced to a particular case of the 
problem (1)-(5): 
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 ( ) ( ) ( ) ( ) [ ]Ttttluttu ,0,~,,~,0 10 ∈== ψψ ,  (8) 

where 21,, kkk  are given constants, ( ) ( )xtxf 0,,
~

ϕ , ( ) ( )tt 10
~,~ ψψ  

are given functions. 

To reduce the problem (6)-(8) to the problem (1)-(5) we 
introduce the function 
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Differentiating (9) with respect to t , we obtain 
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From (7)-(9), (11), we obtain 
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Differentiating (11) once with respect to t  and twice with 
respect to x  and taking it into account in the equation (6), after 
some transformations we obtain the following equation 
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Integrating both sides of (13) with respect to t , we obtain the 
following equality, accurate within the arbitrary function ( )xC : 
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where ( ) ∫=
t

k dxfektxf
0

2 ),(
~

, τττ . Unknown function ( )xC  

must be chosen so that conditions (12) are satisfied.  

The problem (12), (14) coincides with the problem of 
parametrical identification (1)-(5) with the exception of the 
initial condition at 0=t .  

It is also possible to identify coefficient ( )tB  instead of 
( )xC  in the problem (1)-(5). For example, the following 

problem with nonlocal boundary conditions is reduced to such 
a problem: 
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 ( ) ( ) [ ]Ttttu ,0,,0 0 ∈=ψ ,  (17) 
 ( ) ( ) [ ]lxxxu ,0,~0, 0 ∈= ϕ .  (18) 
Suppose that the following matching condition is satisfied: 
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Let us introduce the function 
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Differentiating (19): 
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we obtain 
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Differentiating (21) once with respect to t  and twice with 
respect to x  and taking it into account in (15), after simple 
transformations we obtain the following equation: 
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Integrating both sides of the last equation with respect to x , we 
obtain the following equation, accurate within the arbitrary 
function ( )tB : 
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where ( ) ( )∫=
x

k dtfetxf
0

,
~

, ξξξ . From (16)-(21) we obtain the 

following initial and boundary conditions: 

 ( ) [ ]Tttv ,0,0,0 ∈= ,  (23) 
 ( ) ( ) [ ]Ttttlv ,0,, ∈=ψ ,  (24) 
 ( ) ( ) [ ]lxxxv ,0,0, 0 ∈= ϕ ,  (25) 

 
( ) ( ) [ ]Ttt
x

tv ,0,,0
0 ∈=

∂
∂ ψ , (26) 

where ( ) ( )∫=
x

k dex
0

00
~ ξξϕϕ ξ . 

The obtained coefficient inverse problem (22)-(26) in a 
sense is a particular case of the problem (1)-(5). Note that the 
considered problem (1)-(5) itself is the subject of separate 
interest. Such problem may arise in the course of mathematical 
modeling and identifying parameters of some technological 
processes or dynamical behavior of objects with distributed 
parameters. 

III. NUMERICAL SOLUTION TO PROBLEM OF 
DETERMINATION OF FUNCTION ( )xC  

For a numerical solution to the problem (1)-(5) it is possible 
to use various approaches. One of them consists in reducing it 
to an optimal control problem with the functional 

( )( ) ( ) ( )[ ]
( )xC

l

T dxxCTxvxCJ min;,
0

2 →−= ∫ ϕ , 

under conditions (1)-(4), which requires using iterative 
methods such as gradient type methods [3]. 

Another approach consists in constructing a fundamental 
solution to the problem (1)-(5) and reducing it to a problem 
with an integral equation. In the case when functions 
participating in the problem have a general form, using this 
approach faces basic difficulties. 

A numerical method to solve the problem (1)-(5), based on 
using the method of lines [4-6] to reduce the problem to a 
system of ordinary differential equations with unknown 
parameters is suggested in this work. To determine unknown 
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parameters we propose the analogue of a sweep method based 
on the results of the works [7-9]. 

Let us set up the lines NlhNiihx xxi === ,...,,1,0,  in 
the domain Ω . On these lines we define the following 
functions: 

( ) ( ) [ ] NiTttxvtv ii ,...,1,0,,0,, =∈= , 
which according to (2)-(5) entails: 

 ( ) ( ) Nixv iii ,...,0,0 00 === ϕϕ , (27) 
 ( ) ( ) [ ],,0,00 Ttttv ∈=ψ  (28) 
 ( ) ( ) [ ],,0,1 TtttvN ∈=ψ  (29) 
 ( ) ( ) NixTv TiiTi ,...,0, === ϕϕ . (30) 

On the lines ixx =  we approximate derivatives xv ∂∂ , 
22 xv ∂∂ , by using central difference schemes: 

 

( ) ( ) ( ) ( )
( ) ( ) ( ) ,1,...,1,

2

2
,,,

211

2

−=+
−

=

=+
−−+

=
∂

∂

−+

=

NihO
h

tvtv

hO
h

thxvthxv
x

txv

x
x

ii

x
x

xixi

xx i  (31) 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) .1,...,1,
2

,,2,,

2
2

112

22

2

−=+
+−

=+

+
−+−+

=
∂

∂

−+

=

NihO
h

tvtvtv
hO

h
thxvtxvthxv

x
txv

x
x

iii
x

x

xiixi

xx i  (32) 

Let us designate: 
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Taking into account (31), (32) in (1) we obtain system of  
( )1−N th order ordinary differential equations involving 

unknown vector-parameters ( )T
NCCC 11 ,..., −= , which we 

write in a vector-matrix form: 
 ( ) ( ) ( ) ( ) ( ) ( ]TtCtBtftvtAtv ,0, ∈++=& , (33) 
 ( ) 00 ϕ=v , (34) 
 ( ) TTv ϕ= ,  (35) 

where ( ) ( ) ( )( )T
N tvtvtv 11 ,..., −= , ( )T

N 10010 ,..., −= ϕϕϕ , 
( )T

TNTT 11 ,..., −= ϕϕϕ . The square tridiagonal ( ) ( )11 −×− NN  
matrix A  and the vector ( )tf  are determined as follows: 
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To determine vector C  we use the analogue of a method 
for transferring conditions. Let a solution to the boundary value 
problem (33)-(35) be defined as follows: 

 ( ) ( ) ( )tCttv γα += ,  (36) 
where square ( ) ( )11 −×− NN  matrix function ( )tα  and 
( )1−N -dimensional vector function ( )tγ  are arbitrary for a 
while. 

Differentiating (36) and taking it into account in (33) we 
obtain: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )CtBtfttACttAtCt +++=+ γαγα && . 
The terms in the last expression can be grouped as follows: 

( ) ( ) ( ) ( )[ ] ( ) ( ) ( ) ( )[ ] 0=−−+−− tfttAtCEtBttAt γγαα && , 
where E  is ( ) ( )11 −×− NN  identity matrix. Owing to the 
arbitrariness of functions ( )tα , ( )tγ , we require from them the 
equality to zero of expressions in square brackets, from which 
we obtain the following systems of differential equations: 

 ( ) ( ) ( ) ( )EtBttAt += αα& , (37) 
 ( ) ( ) ( ) ( )tfttAt += γγ& , (38) 
under initial conditions defined from (34), (36): 

 ( ) )1()1(00 −×−= NNα , (39) 
 ( ) 00 ϕγ = , (40) 
where )1()1(0 −×− NN  is ( ) ( )11 −×− NN  zero matrix. Separately 
solving the matrix Cauchy problem (37), (39) and the Cauchy 
problem (38), (40) with respect to vector function ( )tγ , by 
using condition (35) and representation (36), we obtain:  

 ( ) ( ) ( )TCTTv T γαϕ +== . (41) 
(41) represents a system of ( )1−N th order algebraic equations 
from which it is possible to determine identified vector C : 

( ) ( )[ ]TTC T γϕα −= −1 . 
Then, by applying any method of interpolation or 

approximation using the values of the components of vector 
( ) ( )( )11 ,..., −= NxCxCC , it is possible to restore the unknown 

function ( )xC  on the given class of functions. 

IV. NUMERICAL SOLUTION TO PROBLEM OF 
DETERMINATION OF FUNCTION ( )tB  

Let us consider the problem of determination of function 
( )tB  from the differential equation (1) under conditions (23)-

(26) which we write in a more general form: 

 ( ) ( ) [ ]lxxxv ,0,0, 0 ∈= ϕ ,  (42) 
 ( ) ( ) [ ]Ttttv ,0,,0 0 ∈=ψ , (43) 
 ( ) ( ) [ ]Ttttlv ,0,, 1 ∈=ψ ,  (44) 

 
( ) ( ) [ ]Ttt
x

tv ,0,,0
2 ∈=

∂
∂ ψ .  (45) 

Let us set up the lines in domain Ω : 

NThNjjht ttj === ,...,,1,0, . 
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On these lines we define the following functions: 

( ) ( ) [ ] Njlxtxvxv jj ,...,1,0,,0,, =∈= , 
which according to (42)-(45) entails: 

 ( ) ( )xxv 00 ϕ= , (46) 
 ( ) ( ) ,,...,0,0 00 Njtv jjj === ψψ  (47) 
 ( ) ( ) ,,...,0,11 Njtlv jjj === ψψ  (48) 
 ( ) ( ) Njtv jjj ,...,0,0 22 ===′ ψψ . (49) 
On the lines jtt =  we approximate derivative ( ) ttxv ∂∂ , , by 
using difference scheme: 
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Taking into account (50) in (1) we obtain the following system 
of N th order ordinary differential equations: 
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Unlike the method of solving the problem of determination 
( )xC , explained in the previous section, the equations in (51) 

are sequentially solved from 1=j  to N  and consequently 
vector components ( )NBBB ,...,1=  are also sequentially 
determined.  

Suppose that on each line jtt =  a solution to the problem is 
defined as follows: 

 ( ) ( ) ( ) jjjj Bxxxv βα += , (52) 
where functions ( )xjα , ( )xjβ  are arbitrary for a while 
satisfying only condition (47), i.e. 

 ( ) jj 00 ψα = , (53) 
 ( ) 00 =jβ . (54) 
Differentiating (52) with respect to x , we determine ( )xv j′  and 

( )xv j′′ : 

 ( ) ( ) ( ) ( ) ( ) ( ) ., jjjjjjjj BxxxvBxxxv βαβα ′′+′′=′′′+′=′  (55) 
From condition (49), taking into account (55) and the 
arbitrariness of functions ( )xjα , ( )xjβ , we require they 
satisfy the following conditions: 

 ( ) jj 20 ψα =′ , (56) 
 ( ) 00 =′jβ . (57) 
Taking into account (55) in (51), after grouping we obtain: 

( ) ( ) ( ) ( ) ( ) ( )[ ]+++′+′′ xfxxaxxax jjjjjj
~~~

21 ααα  

( ) ( ) ( ) ( ) ( ) ( )[ ] .0~~~
21 =++′+′′+ jjjjjj BxCxxaxxax βββ  

Owing to the arbitrariness of functions ( )xjα , ( )xjβ , we 
require from them the equality to zero of expressions in square 
brackets. We obtain the following differential equations: 

 ( ) ( ) ( ) ( ) ( ) ( ) 0
~~~

21 =++′+′′ xfxxaxxax jjjjjj ααα , (58) 

 ( ) ( ) ( ) ( ) ( ) ( ) 0~~~
21 =++′+′′ xCxxaxxax jjjjj βββ . (59) 

Solving the Cauchy problems (58), (56), (53) and (59), (57), 
(54), from (48), (52) we obtain 

( ) ( ) ( ) jjjjj Blllv 1ψβα =+= . 
From this, we obtain: 

 ( ) ( )[ ]l
l

B jj
j

j αψ
β

−= 1
1

. (60) 

Thus to determine the components of vector 
( )NBBB ,...,1=  it is necessary to solve N  times the Cauchy 

problem concerning two independent second order differential 
equations. Then, the calculated vector ( ) ( )( )NtBtBB ,...,1=  can 
be used to obtain an analytical form of function ( )tB  by 
applying methods of interpolation or approximation. 

The carried-out numerous experiments on test problems 
have confirmed efficiency of the suggested approach. The 
results of various numerical experiments and their analysis are 
given in the report. 
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