
 

                                                                                                                                     Baku, Azerbaijan 

IV International Conference “Problems of Cybernetics and Informatics” (PCI'2012), September 12-14, 2012
www.pci2012.science.az/4/23.pdf 

 

74

On a Class of Inverse Problems for Loaded Equations 
with Nonlocal Conditions 

Kamil Aida-zade1, Vagif Abdullayev2 
1,2Azerbaijan State Oil Academy, Baku, Azerbaijan 
2Cybernetics Institute of ANAS, Baku, Azerbaijan 

1kamil_aydazade@rambler.ru, 2vaqif_ab @rambler.ru 
 
 

Abstract— We investigate problems of restoring the parameters 
of an object the state of which is described by a non-autonomous 
system of ordinary loaded differential equations with 
nonseparated point and integral conditions. To restore the 
parameters, additional conditions are given. We propose an 
approach to the numerical solution to the problem. The approach 
is based on the operation that convolves given integral conditions 
into point conditions. This approach allows reducing the solution 
to the initial problem to a Cauchy problem with respect to 
systems of ordinary differential and of linear algebraic equations. 
The approach is extended to a class of one-dimensional inverse 
problems for parabolic equations.    
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I. INTRODUCTION 
In the work, we investigate problems of restoring the 

parameters of an object described by a non-autonomous system 
of ordinary loaded differential equations with nonseparated 
point and integral conditions. To restore the parameters, 
additional conditions are given. We propose an approach to the 
numerical solution to the problems considered. This approach 
is based on the operation that convolves the integral conditions 
into point conditions [1]. The approach allows reducing the 
solution to the initial problem to a Cauchy problem with 
respect to systems of ordinary differential and of linear 
algebraic equations. By using method of lines, the approach 
can be extended to the class of one-dimensional inverse 
problems with respect to a loaded parabolic equation.    

II. PROBLEM STATEMENT 
Consider the following problem of restoring the 

parameters of the loaded differential equations 
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Here )(tx is the unknown n -dimensional vector function;  
given matrices and vectors: )(tA , )(tB s , 3,...,1 ls = , of the 
dimension ),( nn×  ),()( mntC ×−  ;)( ntK −  

321 ,...,1,,...,1,,...,1,,~, lsljlittt sji ===
(

are given ordered 

points of time from [ ]Tt ,0 ; iΔ  are given lengths of the 
intervals of the state measurement; the ( )nmn ×+ )( matrix 

functions ( )τiD  and numerical matrices sj DD
(

,~ , as well as the 
)( mn + -dimensional vector 3210 ,,, lllL  are given. λ  is the 

m -dimensional vector of the restorable parameters of the 
problem. 

Note that many boundary-value problems involving 
partial derivatives along with nonlocal initial and boundary 
conditions are reduced to this kind of problem by using method 
of lines [2]. 

III. METHOD OF SOLUTION 
Introduce the following ( )nmn ×+ )( matrix function: 
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where )(tχ is the Heaviside function, )(tδ is the delta 
function,  
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Then (2) can be rewritten in the following form 

 ∫ =
T

t

LdxD
0

0)()( τττ .  (3) 

Introduce the following )( mn + -dimensional vector 
functions 
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for which there holds true 
.)()(,0)()( 000 LtLTLTLtL ====   (5) 

Definition. The nmn ×+ )( matrix functions )(),( tt αα , 

)(),( tt ss ββ , 3,...,1 ls = , mmn ×+ )( functions )(),( tt ξξ , 

and )( mn + -dimensional vector functions )(),( tt γγ  convolve 

integral conditions into point conditions if for )(tx , [ ]Ttt ,0∈ , 
the solution to the system (1), there hold true the following 
equalities 
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It is clear that there hold true the equalities 
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Each of the conditions (8) and (9) represents a nonlocal 
point boundary condition. Let 

)(),(,,...,1),(),( 3 ttlstt s γξβα = , and ,,...,1),(),( 3lstt s =βα  

),(tξ )(tγ  be two pairs of functions that convolve the integral 
conditions (3) into point conditions from left to right and vice 
versa, respectively.  

The functions )(),(,,...,1),(),( 3 ttlstt s γξβα = , and ),(tα  

,,...,1),( 3lsts =β  ),(tξ )(tγ , which convolve the integral 

conditions (3), are not uniquely determined. Let nmn ×+ )(0 be a 

))(( nmn ×+ null matrix, and )(0 mn+ be a )( mn× -
dimensional null vector. The following theorem holds. 

Theorem 1. If the functions ),(tα ),(tsβ 3,...,1 ls = , 
)(tξ , )(tγ are the solutions to the following Cauchy 

problems:  
),()()()( tDtAtt +−=′ αα     nmnt ×+= )(0 0)(α  ,                (10) 

)()()( tBtt ss αβ −=′ ,  3,...,1 ls = ,   nmn
s t ×+= )(0 0)(β  ,  (11) 

)()()( tCtt αξ −=′ ,    mmnt ×+= )(0 0)(ξ  ,   (12) 
)()()( tKtt αγ −=′ ,    )(0 0)( mnt +=γ  ,    (13) 

then these functions convolve the integral conditions (3) into 
the point conditions (8) from left to right.  

Proof. Assume that there exists the following dependence 
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Let )(),(,,...,1),(),( 3 ttlstt s γξβα =  be yet arbitrary matrix 
and vector functions of the dimensions 

),)(( nmn ×+ ))(( nmn ×+ , ))(( nmn ×+ , and )( mn + , 
respectively, which satisfy the condition (5). Then there holds 
true the following equalities: 
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Differentiating (14) and taking (1) and (4) into account, we 
have 
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Having regard to the arbitrariness of the functions 
),(),( tt sβα  )(),(,,...,1 3 ttls γξ= , and to the fact that (16) 

must be satisfied for all x(t), the solutions to the system (1), 
then it is necessary that each of the expressions in the brackets 
in (16) vanish, i.e. the conditions (10)-(13) of the theorem be 
satisfied. 

The same proof remains valid for the following theorem. 
Theorem 2. If the functions )(tα , ),(tsβ 3,...,1 ls = , )(tξ , 

)(tγ  are the solutions to the following Cauchy problems:  

),()()()( tDtAtt −−=′ αα     nmnT ×+= )(0)(α  ,                (17) 

)()()( tBtt ss αβ −=′ ,  3,...,1 ls = ,   nmn
s T ×+= )(0)(β  ,  (18) 

)()()( tCtt αξ −=′ ,    mmnT ×+= )(0)(ξ  ,   (19) 

)()()( tKtt αγ −=′ ,    )(0)( mnT +=′γ  ,    (20) 
then these functions convolve the integral conditions (3) into 
the point conditions (9) from right to left. 

The choice of the convolution scheme, which is to be 
applied to the condition (2), depends on the properties of the 
matrix )(tA , namely on its eigenvalues. If they are all 
positive, then the system (10)-(13) is stable; if they are all 
negative, then the system (17)-(20) is stable.  If the matrix  
A(t) has both positive and negative eigenvalues, and they are 
sufficiently large in modulus, then both of the systems have 
fast increasing solutions, and therefore unstable, and their 
numerical solution may result in a poor accuracy. In this case 
it is recommended to make use of the convolving functions 
proposed in the following theorem, which have a linear 
growth with respect to time.  

Theorem 3.  If the n -dimensional vector functions )(1 tgν , 
)(trν , )(tqs

ν ,  3,...,1 ls = , and scalar functions  )(2 tgν , )(tmν  
are the solutions to the following nonlinear Cauchy problems: 
 

),()()()()()()( *1*11 tDtmtgtAtgtStg ννννν +−=′ 0)( 0
1 =tgν ,  (21) 

,)()()()()( 1* tgtBtqtStq sss
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ν  ,  (22) 
)()()()()( 1* tgtCtrtStr ννν −=′ ,    0)( 0 =trν  ,       (23) 

)()()()()( 1*22 tgtKtgtStg ννν −=′ ,    0)( 0
2 =tgν  .            (24) 

),()()( tmtStm νν =&    1)( 0 =tmν ,     (25) 
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then the functions )(),( 21 tgtg νν  convolve the ν th integral 
condition (11) from left to right, and  there holds true 

( ) ,)/()()()()( 00

221*1 tTtttgtgtg −−=+ ννν ],[ 0 Ttt ∈ .    (27)  

Proof. Multiplying the ν th equality from (14) by a yet 
arbitrary function )(tmν

 which satisfies the condition  

1)( 0 =tmν ,                            (28) 
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we obtain  
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Here the −n dimensional vector )(tνα  is the ν th row of the 

matrix )(tα . 
Introduce the notations 
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and it is clear that 
,0)( 0

1 =tgν     0)( 0
2 =tgν , 0)( 0 =tqs

ν , 0)( 0 =trν  . 
Ensuring the fulfillment of the condition (27), i.e. linear 

growth of the sum of squares of the convolving functions, is 
required of the function )(tmν . 

Differentiating (27), we obtain 
)/(1)()(2))(,)((2 02211 tTtgtgtgtg −=+ νννν && .  (30) 

Differentiating (29) and taking (10)–(13) into account, it is 
not difficult to obtain the following set of equations 
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Substituting the derivatives obtained into (29), we have 
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From here, it is not difficult to obtain the equation (25) by 
using the notation (26). Substituting (25) into (31)-(34), we 
obtain the equations (21)-(24). 

Let, for example, the convolution of the condition (2) to 
the right have been used, and the problem (1), (8) of 
determining nRtx ∈)(  and mR∈λ been obtained. Next, we 
shift the condition (8) to the left with the use of the 

)( nn× functions )(tQ , )(tG s , 3,...,1 ls = , )( mn× function 
)(tV , and n -dimensional vector function )(W t , for which 

there hold true [3, 4]: 
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Implementing this shift procedure successively for all the 
intervals ],( 1 ss ttt

((
+∈ , we obtain a system of linear algebraic 

equations of the order )( 3 nnlm ++  with respect to unknowns 
,...,2,1,)(),( 3lsRtxTx n

s =∈
(

.mR∈λ Having solved this 
system and substituting the solution obtained into (1), (2), the 
desired solution is determined from the solution to the Cauchy 
problem ensued. 

The similar procedure is possible for shifting the condition 
(7) successively to the right. 

The functions )(),( tt αα , )(),( tt ss ββ , 3,...,1 ls = , 

)(),( tt ξξ , )(),( tt γγ  convolving the integral conditions, and 

the functions )(tQ , )(tG s , 3,...,1 ls = , )(tV , )(W t , shifting 
the conditions (6), (7), are not uniquely defined.  

IV.  PARTIAL DIFFERENTIAL EQUATIONS 
The approach proposed in the work, by using method 

of lines as described in [5], can be extended to partial 
differential equations. 

In particular, let us consider the following parametric 
identification problem with respect to a one-dimensional 
loaded parabolic equation: 
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where t  and x are time and spatial coordinates, respectively; 
),( txu  is the process state at the point x  at the point of time 

t ; ,,...2,1,,...,1,,~, 21 ljlixxx sji ==(  3,...,2,1 ls =   are given 
points of the interval ),0( l , at that ii xx >+1  and ];,0[ lx ll ∈Δ+  

( ) ,0~,min 11 =xx   ( ) lxx ll =Δ+
211

~,max , and for all 

21 ,...,1,,...,1 ljli ==  there holds the condition 
[ ]iiij xxx Δ+∈ ,~ ; ),( txf , )(xϕ  are given continuous 

functions for lx ≤≤0  and Tt ≤≤0 ; )(~,),( tDtxD ji are 
the three-dimensional vector functions continuous  with 
respect to all their arguments.  

The inverse problem (38)-(40) consists in determining 
the unknown continuous function )(tH and the 
corresponding solution to the nonlocal problem ),( txu  
satisfying the conditions (39)-(40). 
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To apply method of lines at the segment ],0[ T , take the 
points τktk = , nT=τ  and draw straight lines ktt = , 

nk ,...,1,0= . Introducing the notations ),,()()(
k

k txuxU =  
),,()()(

k
k txfxf =  )(),,()( )()(

k
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k
k tHHtxExE == , and 
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kttt

txu
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∂ ),(  with a difference relation, we obtain the 

following second order ordinary differential equations: 
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solved sequentially from 1=k  to nk = . 
Under (40), there are the following nonlocal conditions for 
these equations: 
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The problem (41)-(42) can be reduced to the following 

problem with respect to the system of two first order 
differential equations: 
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at that ),()()0(
1 xxU ϕ= with nonseparated integral and point 

conditions: 
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Next, to solve the system of differential equations (43) 
with nonlocal conditions (44), one can apply the above 
mentioned scheme.    

Note another case; let  
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and the initial condition (39) can be given in the form of  
nonseparated point and integral conditions. Assume that 
instead of the initial condition (39), we have another condition 
in the following form: 
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and boundary conditions have the classical form:  
Txttluttu ≤≤== 0),(),(),(),0( 21 ψψ .   (46) 

Here )(),( 21 tt ψψ are given continuous functions; functions 

),( txDi , )(~ xDj , )(xDs

(
, )(0 xL  are continuous with respect 

to x ,  t , 21 ,...,1,,...,1 ljli == , 3,...,1 ls = . 
The inverse problem (38),(45),(46) consists in 

determining the unknown continuous function )(xH  and 
the corresponding solution to the nonlocal problem ),( txu  
satisfying the conditions (39)-(40). 

To apply method of lines at the segment ],0[ l , take 
the points khxk = , nlh =  and draw straight lines kxx = , 
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with a difference relation, we obtain the following system of 
n  first order ordinary differential equations: 

   

( )

),()(),()(

,,1),()()()(

)()(2)()(

2
)1(

1
)0(

)()()(
3

1

)()(

2

)1()()1(
)(

ttUttU

nktfHtEtUxB

h
tUtUtUtU

n

kkk
l

s
s

kk
s

kkk
k

ψψ ==

=−++

+
+−

=′

+

=

−+

∑ (
    (47) 

with nonseparated multipoint and integral conditions 
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It is easy to see that the problem (47), (48) coincides with 
the problem (1), (2), therefore, to its numerical solution one 
can apply the results of section 3.  

Results of the numerical experiments carried out and their 
analysis will be reported at the presentation. 
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