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 Let it be known that each element of the given sequence ( ){ }nn μλ ,  is an eigen value of 
some unknown spectral problem 

           ⎩
⎨
⎧

=

∈=+

2;1
,2,1,

i
HKK iiiiiii ϕϕϕμϕλ

  ,                                                                   (1) 

where 2;1,, 21 =iKK ii  are the desired compact self-adjoint permutational operators in 
Hilbert space 2;1, =iH i   and let the given eigen element  

           2121 HHHnnn ⊗=∈⊗=Φ ϕϕ  , ,.....2,1=n .                                                   (2) 
respond to the eigen value ( )nn μλ , . 
By ( )iniiL ϕϕϕ ,...,, 21  denote a linear span of the set of the first n  elements of the 

sequence ( ) 2;1,,...,...,, 21 =iinii ϕϕϕ  i.e. of the set { } ,,...,, 21 iHinii ⊂ϕϕϕ  2;1=i , and the 

closure of the linear subspace ( ),...,...,, 21 iniiL ϕϕϕ   by ( ) 2;1,,...,...,, 21 =iL inii ϕϕϕ . 
Introduce the denotation 
              1,22,12,21,10 KKKK ⊗−⊗=Δ ,   

   211 2,12,2 IKKI ⊗−⊗=Δ   , 1,21,1 122 KIIK ⊗−⊗=Δ . 

210 ,, ΔΔΔ
  are linear operators determined on Hilbert space 21 HHH ⊗=  (a tensor 

product). 
 Lemma 1. Let the set (2) consist of all the eigen values of problem (1) and the right 
definiteness condition be fulfilled in problem (1) in the form  

                
01,22,12,21,10 >⊗−⊗=Δ KKKK                                                    (3) 

Then, the closures of linear subspaces ( ) 2;1,,...,...,, 21 =iL inii ϕϕϕ  coincide with spaces 

2;1, =iH i   respectively, i.e. ( ) 2;1,,...,...,, 21 == iHL iinii ϕϕϕ .  
Proof.  Let on the contrary, even if for one value of the index 2;1=i  the equality 

( ) 2;1,,...,...,, 21 == iHL iinii ϕϕϕ  be not fulfilled.  Then even if for one value of the index 

2;1=i  there exists a subspace iE  that is invariant for a pair of operators 2;1,, 21 =iKK ii  

and  it holds the equality ( ) ,,...,...,, 21 ii HEL inii =⊕ϕϕϕ  2;1=i . Therewith, even if for one 
value of the index 2;1=i   the equality { }021 == ii EKEK ii  should be fulfilled, i.e. there 
exists such  iE∈ϕ  that 021 == ϕϕ ii KK , consequently ,0),(),( 21 == ϕϕϕϕ ii KK     This 
contradicts condition (3).     

Corollary. If in problem (1) the right definiteness condition is fulfilled in the form  (3), 
then the closure of the linear subspace ( ),...,...,, 21 nL ΦΦΦ  coincides with the space 

21 HHH ⊗= , i.e. ( ) HL n =ΦΦΦ ,...,...,, 21 . 
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Let 2;1,),( =∈ iH ii μλϕ  be a solution of the  i -th equation of system (1) that 

analytically depends on the variables ( )μλ, . The following theorem is known  (see. [2]).  
Theorem 1. In order all the eigen elements 2;1,),( =∈ iH ii μλϕ  that analytically 

depend on the parameters  ( )μλ,  be constants with respect to the variables ( )μλ, , it is 
necessary and sufficient that the operators 2;1,, 2,1, =iKK ii  in problem (1) be permutational. 

Therewith, the spectral lines will be straight lines.  
 Theorem 2. If 21, ii KK  are the compact self-adjoint permutational operators  in the 
Hilbert space 2;1, =iH i  and the element 2;1,),( =∈ iHii μλϕ  that analytically depends on 

the parameters ( )μλ, , is an eigen element of the  i -th equation of system (1), then 
,),( iHii ∈=ϕμλϕ  2;1=i   (a constant with respect to ( )μλ, )  is a joint eigen element of 

each of the operators 21, ii KK  and the spectral line of the  i -th equation of system (1) 
corresponding to the eigen element  iHi ∈ϕ , has the form  2;1,121 ==+ iii αμαλ , where 

2;1, 21 =iii αα  are some eigen values of the operators 2;1,, 2,1, =iKK ii  respectively.     

Proof. Let 2;1, =∈ iH iiϕ  be an eigen element of the i -th equation of system (1) and 
by theorem 1 some spectral line in the form  

   2;1,121 ==+ icc ii μλ                                                                                     (5) 
corresponds to this eigen element. 
Taking into account equality (5) in the system of equations (1), we get 

2;1

,1)
2

1( 2,2,1,
2

=

∈−=−

i

HK
c

K
ic
ic

K iiiiiiiii
i

ϕϕϕϕϕλ
          (6) 

Equality (6) is true for any value of the parameter λ . Here, the elements iϕ  are independent of 
the parameter  λ . Consequently, for anyλ  equality (6) is true iff the equalities   

2;1,01,0
2

1
2,

2
2,1, ==−=− iK

c
K

ic
ic

K ii
i

iiiii ϕϕϕϕ  , or 

2;1,, 22,11, === icKcK iiiiiiii ϕϕϕϕ  are fulfilled simultaneously.  So, it is proved 

that the coefficients ,, 21 ii cc  2;1=i  in equation (5) are the eigen values of the operators 

21, ii KK  that correspond to the joint eigen element  2;1, =iiϕ .  The theorem is proved.  
 It is easily seen that if the set { } iHeee inii ⊂,....,...,, 21  is an orthonormed basis of the 
space 2;1, =iHi  consisting of all joint eigen elements of compact self-adjoint operators 

2;1,, 2,1, =iKK ii , then all possible decomposable tensors of the form 

2121, HHHeeE mnmn ⊗=∈⊗=  , ,....2,1, =mn are the eigen elements of problem  (1) 

that correspond to eigen values ( )nmnm μλ , , where  

mnmn

nm
nm

21122211
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αααα
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−
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= ,                                      (7) 
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 2;1,,, == jieeK inijninji α
 

 and vice verse, an arbitrary eigen element 

21 HHH ⊗=∈Φ  of problem (1) is a decomposable tensor 21 ϕϕ ⊗=Φ , where 

ii H∈ϕ  is a joint eigen elemnt of the operators 2;1,, 2,1, =iKK ii , i.e. if all the eigen values 

of permutational operators 2;1,, 2,1, =iKK ii , are known, then the eigen values ( )nmnm μλ ,  

of problem (1) are found by means of equalities (7).   
 Now, we can formulate a theorem that finds answer to the stated question on the 

inverse problem. 
Theorem 3. Let the following three conditions be fulfilled: 

1) ( ){ }nn μλ ,  is a sequence of eigen elements of two-parametric problem (1)  

2)  { } { }nnn 21 ϕϕ ⊗=Φ 21 HHH ⊗=⊂  is a sequence of appropriate eigen elements of 
problem (1) 

3) it holds the equality ( ) HL n =ΦΦΦ ,...,...,, 21 ,  

Then there exists such a subsequence { } Nnk ⊂  that  ii H
k

n ⊂}{ϕ , 2;1=i is complete 

system of joint eigen elements of some permutational compact operators 2;1,, 2,1, =iKK ii , 

where  
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, 

and  ( ) ( ) ( )
2323131333

,,,,,
++++ kkkkkk nnnnnn μλμλμλ  are the eigen values of problem (1) that 

correspond to three adjacent eigen elements  
knknkk 213,3 ϕϕ ⊗=Φ , 

12113,3 ++ ⊗=Φ
knknkk ϕϕ , 

knknkk 2113,13 ϕϕ ⊗=Φ
++ , respectively.       

Here ikP  is a projection operator on to one-dimensional subspace  ii HL
k

n ⊂}{ϕ , 2;1=i   

Proof.  All possible tensor products in the form  
rn

k
nrk 21, ϕϕ ⊗=Φ   are eigen 

elements of problem (1). From the sequence rnknrk 21, ϕϕ ⊗=Φ 21 HHH ⊗=⊂  we 

choose a subsequence { }
,....2,1

213,3
=⎭⎬

⎫
⎩⎨
⎧ ⊗=Φ

kknknkk ϕϕ   in the following way: 

а)  21113,3 ϕϕ ⊗=Φ , i.e. 2;1,11
== iiin ϕϕ                                                                            

в)  
1211)1(3),1(3 ++++ ⊗=Φ

knknkk ϕϕ ,  where { } 2;1...,,
211

=∉
+

iL
kinininkin ϕϕϕϕ . 

Denote the eigen values that correspond to the eigen elements  
knknkk 213,3 ϕϕ ⊗=Φ  by  

( )
kk nn 33

,μλ .  And the eigen values that correspond to the eigen elements 

12113,3 ++ ⊗=Φ
knknkk ϕϕ  and 

knknkk 2113,13 ϕϕ ⊗=Φ
++ denote by ( )

1313
,

++ kk nn μλ  and 
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( )
2323

,
++ kk nn μλ , respectively. To each eigen elements 

kinϕ , of the  i -th equation of system 

(1) there corresponds one spectral line kil ,  in the form 1=+ μβλα
k

in
k

in , 2;1=i . 

Consequently, to each eigen element  
knknkk 213,3 ϕϕ ⊗=Φ  of system (1) there corresponds 

a pair of spectral lines kl ,1 and kl ,2 . The intersection of straight lines  kl ,1  and 1,2 +kl  will be 

( )
1313

,
++ kk nn μλ  , the intersection of straight lines  1,1 +kl  and kl ,2  will be ( )

2323
,

++ kk nn μλ  (see 

fig. 1).   

                        
                                                                   Fig.  1 
 
Then the following equalities hold 
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From the last system of equations we get  
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Consequently the following expansions hold for the compact self-adjoint operators 

2;1,, 2,1, =iKK ii :   
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where ikP  is a projectional operators on to one-dimensional subspace  ii HL
k

n ⊂}{ϕ , 

2;1=i . The completeness of the system of eigen elemnts ii H
k

n ⊂}{ϕ , 2;1=i  is easily 

obtained from the condition ( ) HL n =ΦΦΦ ,...,...,, 21 . The theorem is proved. 
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