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Let's consider the following coefficient inverse problem in general setting:
n
Y ada =-h, (1)
i=1

where 8, =(¢, . Af'=&). b =51, . k=12...m 2)
(0:)k is a solution of adjoint integral transport equation in spherical atmosphere, A are known
operators, & are known functions, f' is known solution of perturbed integral transport
equation in spherical atmosphere, «;, i=1,2,...,n is a set of unknown parameters
(coefficients), oe; is a perturbation of operator «;, &/ =a; +0d¢;, |, is a functional (integral)
which depends on radiation intensity, &1, is a perturbation of I, , | ;) =1,+0l,.[1], [2].

Let f =Kf +y is an integral transport equation in spherical atmosphere. As functionals
of the problem we consider readouts of devices, that measures a radiation intensity

Ip(f):jj f.&.6(r—r,)drdQ,
D AQ
here £ is known instrument function.

I
Let consider  optical thicknesses 7;(r,, r, i)zja(rn+wk|, Ayl as unknown
0

parameters in different atmospheric layers and assume, that they are constants in indicated
layers, where ®, =(r, —r,)/|r, —r,| is an optical path length from r, to r, .
So, it's required to find 6=T, © =(01,...,c7n). Suppose that a radiation is

monochromatic. Expanding ¢ (f - Kf) as a Taylor's series on ¢ near the 6, point, we have

S(f-Kf)= iai( f —KT) |ﬂ:6U éo;, and hence

i=1 i

« = O 5 Ol
f,» —(f-Kf oo, |=) —K so.. 3
In this case system (1) with coefficients (2) has a form:
zﬂéb'i =-46l, or
i=l aO'i
Ado=b. 4

Obtained system (4) is inconsistent (m > n) , and we'll look for the most appropriate values for

unknown quantities oo; . From the theory of the least squares, if we minimize ||A56 - b||2 =g,
then we'll have a system of normal equations

A'AS6=A'D. ®)

Let's demand normal distribution for errors in measurement of |, with a small difference

between each other. Otherwise we can bring in statistical weights. Thereto, equations can be

multiplied by quantities, that are inversely proportional to mean-square deviations of measured

quantities. As far as relative mean-square deviations of functional estimates usually don't
change strongly, then we can use also values of functionals as statistical weights;
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A"WAS6=A"Wb . (6)
System of linear equations (6) can be solved with any of known methods.
In many cases system (6) turns out ill-conditioned, therefore in order to solve it,
regularization methods by A.N. Tihonov should be applied [3]. The main idea of this method
consists in minimization of the following expression:

HA*WA56 - A*Wb” +y-(56, Qde)=¢,
H

where Q) is an matrix approximation for I
0

Zm:qk(x)d—dx.

ko
k=1 dx“

Here H is a height of atmosphere, q,(X)>0. The last expression means that additional

constraints imposed to the class of solutions. Usually k=1, g (X)=1. It means that limited
derivative of the solution, Jdo(X), is required. Regularization coefficient y can be found
approximately. In [4] the following value is presented:

n
= 7
4 (60', Q&o) ™
Where n is a number of dimensions. But as y depends on unknown solution, it's offered to

n

take the right-hand sides of (6) instead of oo in (7). Then, we have y =-— n .
(A"Wb, QA"Wb)

For estimation of functional |, =(f,¢p) =j f(x)p(x)dx= Z(Kit//,go) and its derivative

X i=0
the algorithm of dependent tests of Monte Carlo methods is usually used. It follows that for
estimation of |, by Monte Carlo methods it is required to average the sums of (p(x) evaluated

from collisions with different order. The algorithm of dependent tests for transport theory
problems consists in modeling of particles' trajectories in different systems by the same
trajectories. Arising displacements are eliminated with special weight coefficients. Let 4 is a
wavelength and parameter of the system, that is k(x,x')=k(x,x,1), ¢(x)=¢(x,4)=9,.
Then trajectories constructed for 4 =4, can be applied for estimates of |, if after each passage
k(x,x',/l)

x — x' auxiliary weight of particle is multiplied by ———=.
k (x, x', 4, )

Now we'll show how to calculate Ly in (4). Let |, =1,(t) depends on some parameter
t. Then
> n- nloK(x;,X,,,,0,4
l.(t)= ZJ.'“J-’//(XO )l_Ik(xi ,xm,to,ﬂ,o)Hk(—l) o (X1, 2)dx, ... dx, .
pary i (x;,x to,/io)

1
i=0 i=0 ioAislo
Suppose that the last series can be termwise differentiated and differentiation can be done
under the integral signs with corresponding dimensions. Then formally:

n-1 k(x. X t/i)

a n—1
—_ k . ) t i i i+1o™ . ti
at{l//(XO”i;o[ (XI’XHI, o O)Hk(xiaxmato,io) q)(xn’ ’ )}

i=0

t=t,

Ong, (x,t,4) g, (ﬂ,t)}
ot

n-1

i) 2

i=0

k(xi,xm,to,zo)]cen(z,to)wk(xn,to,z){

t=t,

>
L

K(x, X8, 4 )]Qn (A1) @ (Xpotgs A) ¥ o (A1) (8)
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where ‘Pn(/l,t) :{alnq)k (xn,t,/i) . 0=l 9ln k(xi,xm,t,ﬂ,)}
ot =0 ot

For t=r, (rn, r., A) it can be shown that obtained series after differentiation under the
integral sign has a absolutely convergent majorant , independent on 7, (rn, I, /1) .

Derivatives are evaluated from local estimate with the following physics characteristics:
o, (r,/l) is a scattering aerosol cross-section with indicatrix 0, ( ,u,r,/I), O (r,/l) is a
scattering aerosol cross-section with indicatrix g, ( ,u,r,/i) , O, (r,/i) is an absorption cross-
section, u(®,®') is a cosine of angle between the previous and next particle's directions in
collision point, a(r, /1) =0, (r, /1) +0o, (r,/i) is a total cross-section,

0. (11, A)o, (r,A)+ 9, (pr,A)o,(r,2)

g (,u,r, /t) = G(I‘, /1)|l'n . is a full indicatrix,

I
(r,.,r,A)= Ia(rn +ol,2)dl, o, =(r —r,)/|r —r,| is an optical path length from r, to r, .
0
In this case, in order to estimate the radiation intensity integral on the directions in the

given point r’ we use
exp(—r(rn,r*,/i))(ga(,u*,r,/l)aa(r,/i)+gm(,u*,r,/l)am(r,/i))

/1) and

@EZ({):(I‘n,(D:,/l):C' G(l’n,
i+15/1)

o(r,4)

k(x X /1)=Cz-o-(r

2%+l

cexp((=7 (5,50, 2)) (G (14,0, 4) 0 (1, 2) + G (24,7, 4) 01 (1,2)))

N
# =(o_ o). Then 1,(1)=E> Q,(r,,4)¢,(r,,4). Now let divide the atmosphere into
n=0

n layers and assume that in each of them the optical thickness is constant. Assuming that
t=z(r, r, 4), t,=7"(r

S O /’L) , 1=0,...,n—1 we can evaluate optical thickness
coefficient derivatives. It can be shown to be true that series (8) can be differentiated. It's also

can be shown the truthfulness of the estimate:

ol N . . -
a_fk =EY Q,(r,.z". A" (r,.0,.7", A1) ¥, (A), rae 7 =7, - 7"
i17=0 n=l
Some questions related with solving inverse coefficient problems with respect to full cross-

section can be found in [5].
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