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Let the controlled system be described by the following discrete two-parametric system 

of equations 
( ) ( ) ( ) ( ) ( )( )xtuxtzxtzxtzxtfxtz iiiiii ,,1,,,1,,,,1,1 ++=++ ,  ( ) iDxt ∈, , 3,1=i ,   (1) 

with boundary conditions 
         ( ) ( ) Xxxxxxtz ,...,1,,, 00101 +==α ,   ( ) ( ) 100101 ,...,1,,, tttttxtz +== β , 

                    ( ) ( ) Xxxxxtzxtz ,...,1,,,, 001112 +== ,  
( ) ( ) 211202 ,...,1,,, tttttxtz +== β ,                                                 (2) 

( ) ( ) Xxxxxtzxtz ,...,1,,,, 002223 +== ,  ( ) ( ) 322303 ,...,1,,, tttttxtz +== β , 
           ( ) ( )0101 tx βα = , ( ) ( ),, 12011 txtz β=     ( ) ( )23022 , txtz β= . 

Here, ( ){ }1,...,1,;1,...,1,:, 0011 −+=−+== −− XxxxttttxtD iiii , 3,1=i , where 

3,1,,,0 =itXx i  are given, ( )iiii ubaxtf ,,,, , 3,1=i  are the given n -dimensional vector-
functions continuous in the aggregate of variables together with partial derivatives with respect 
to ( )iii uba ,, , 3,1=i  to the second order inclusively, ( )x1α , ( )tiβ , 3,1=i  are the given n -

dimensional discrete vector-functions, and ( )xtui , , 3,1=i  are r -dimensional vector-functions 

of control actions with values from the given non-empty, bounded and open sets r
i RU ⊂ , 

3,1=i , i.e. 

( ) r
ii RUxtu ⊂∈, ,   ( ) iDxt ∈, ,   3,1=i .                                     (3)                               

The triple ( ) ( ) ( ) ( )( )′= xtuxtuxtuxtu ,,,,,, 321  with the properties mentioned above will 

be called an admissible control, its corresponding solution ( ) ( ) ( ) ( )( )′= xtzxtzxtzxtz ,,,,,, 321  
of boundary value problem (1)-(2) an admissible state of the process. Therewith, the pair 
( ) ( )( )xtzxtu ,,,  is said to be an admissible process. 

The problem is to minimize the functional 

( ) ( )( )∑
=

=
3

1
,

i
iii XtzuS ϕ ,                                                  (4) 

determined on the solution of problem (1)-(2) generated by all-possible admissible controls. 
Here ( )ii zϕ , 3,1=i  are the given continuously-differentiable scalar functions. 
The admissible process ( ) ( )( )xtzxtu ,,,  being a solution of problem (1)-(4) is said to be 

an optimal control. 
Considering ( ) ( )( )xtzxtu ,,,  as a fixed admissible process, we introduce the following 

denotation: 
       ( ) ( )iiiiiiiiiiii ubazxtfubazxtH ,,,,,,,,,,, ψψ ′= , 
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where ( )xtii ,ψψ = , 3,1=i  are n -dimensional vector-functions of conjugated variables being 
the solutions of the problem 

 ( ) [ ] [ ] [ ]
i

i

i

i

i

i
i b

xtH
a

xtH
z

xtHxt
∂

−∂
+

∂
−∂

+
∂

∂
=−−

1,,1,1,1ψ ,     3,1=i , 

          ( ) ( ) ( )( )
1

111
1211

,1,11,1
z

XtzXtXt
∂

∂
−−−=−−

ϕψψ , 

    ( ) ( ) [ ] [ ] ,,1,11,11,1
2

12

1

11
1211 a

xtH
a

xtHxtxt
∂
−∂

−
∂
−∂

+−−=−− ψψ  ( ) =−− 1,11 Xtψ  

        
[ ] ( ) ( ) ( )( )

2

222
2322

1

1 ,1,11,1,1,1
z

XtzXtXt
b

XtH
∂

∂
−−−=−−

∂
−−∂

=
ϕ

ψψ , 

   ( ) ( ) [ ] [ ] ,,1,11,11,1
3

23

2

22
2322 a

xtH
a

xtHxtxt
∂
−∂

−
∂
−∂

+−−=−− ψψ                      (5) 

 ( ) [ ]
2

2
2

1,1,1
b
XtHXt

∂
−∂

=−−ψ ,     ( ) ( )( )
3

333
33

,1,1
z

XtzXt
∂

∂
−=−−

ϕψ , 

( ) [ ]
3

33
33

,11,1
a

xtHxt
∂
−∂

=−−ψ ,     ( ) [ ]
3

3
3

1,1,1
b
XtHXt

∂
−∂

=−−ψ . 

Theorem 1. For optimality of the admissible control ( )xtu , , in problem (1)-(4) the 
relations 

[ ] 0,
=

∂
∂

i

i

u
H ξθ

,    ( ) iD∈ξθ , ,  3,1=i .                                          (6) 

should be fulfilled. 
Relation (6) as a necessary optimality condition of first order is the analogy of the Euler 

equation for the considered problem. 
Using non-negativity condition of the second variation of the quality test, one can obtain 

second order necessary optimality conditions. 
To this end, assume that in system (1) 

( ) ( ) ( )iiiiiiiiii uazxtFbxtBubazxtf ,,,,,,,,,, += .                             (7) 
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Here, ( )sxtRi ,;, τ , 3,1=i  are ( )nn×  matrix functions being the solutions of the 
following problems: 



 

 

The Third International Conference “Problems of Cybernetics and Informatics” 
September 6-8, 2010, Baku, Azerbaijan. Section #5 “Control and Optimization” 

www.pci2010.science.az/5/19.pdf 
 

87

( ) ( ) [ ] ( ) [ ]

( ) [ ],1,1,;,

,1,1;,,,;,1,1;,

i

i
i

i

i
i

i

i
ii

b
sfsxtR

a
sfsxtR

z
sfsxtRsxtR

∂
−∂

−+

+
∂
−∂

−+
∂

∂
=−−

ττ

τττττ
               (8) 

                  ( ) ( ) [ ]
i

i
i a

stf
stxtRstxtR

∂
−∂

−=−−
,1

,1;,1,1;, , 

( ) ( ) [ ]
i

i
i b

xf
xxtRxxtR

∂
−∂

−=−−
1,

1,;,1,1;,
τ

ττ ,                                     (9) 
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and ( )sxtQi ,;, τ , 3,1=i  are determined by the formulas 
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Using discrete variants of line variations [3, 4], we prove 
Theorem 2. If the sets iU , 3,1=i  are convex, then under the made assumptions for 

optimality of the classic extremal ( )xtu , , in problem (1)-(4), (7) the following conditions 
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should be fulfilled for all ( ) ii Uxv ∈ , 1,...,1, 00 −+= Xxxx , iT∈θ , 3,1=i . 
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