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Let the controlled system be described by the following discrete two-parametric system
of equations

z(t+1,x+1)=f,(t, % z(t,x),z({t +1,x),z(t, x+1)u(t,x)), (t,x)eD,,i=13, (1)
with boundary conditions

z,(t,, X)=,(X), X=X, % +1,....,X, z(t,x)=24t), t=t,t,+1, ...,

7, (t,X)=27(t,,x), x=%,% +1..,X,
7,(t,%,)=f,(t), t=t,t,+1, ...t )
z,(t,,X)=2,(t,,X), X=X, % +1,.... X, z(t,x)=4(t), t=t,,t, +1,....t,,
al(xo):ﬂl(to)’ Zl(tl’x())zﬂz(tl)’ Zz(tzaxo)zﬂs(tz)-

Here, D, = {(t,X):t =t b, +L .t =1 X=X%,% +L ..., X —l}, i=1,3, where
Xy> X, b, 1 =1,3 are given, f, (t,x,a,b,,ui ), i =1,3 are the given N-dimensional vector-
functions continuous in the aggregate of variables together with partial derivatives with respect
to (a,b,u,), i =1,3 to the second order inclusively, a,(x), f3(t), i =1,3 are the given n-
dimensional discrete vector-functions, and U, (t, X) , 0= 1,_3 are I' -dimensional vector-functions

of control actions with values from the given non-empty, bounded and open sets U, c R,

i:1,_3,i.e.

u(t,x)eU, cR", (t,x)eD,, i=13. (3)
The triple u(t, X) = (u1 (t, X), u, (t, X), u, (t, X))’ with the properties mentioned above will

be called an admissible control, its corresponding solution Z(t, X)= (Zl (t, X), Z, (t, X), Zg(t, X))l
of boundary value problem (1)-(2) an admissible state of the process. Therewith, the pair
(u(t, X), Z(t, X)) is said to be an admissible process.

The problem is to minimize the functional

s<u>=§¢i (2t ). @

determined on the solution of problem (1)-(2) generated by all-possible admissible controls.

Here ¢, (Zi ), I = 1,_3 are the given continuously-differentiable scalar functions.

The admissible process (u(t, X), Z(t, X)) being a solution of problem (1)-(4) is said to be
an optimal control.

Considering (u(t,x), Z(t,X)) as a fixed admissible process, we introduce the following
denotation:

Hi(t9xﬂzi9ai9b|9ui9!r//i):lr//i, fi(t9X=Zi=a1'5b|5ui)’
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of [t x] _ of (t. %,z (t, %),z (t +1,%), 2 (t, x+ 1), u; (£, X))

b

oa, 0a,
oH,[t.x] _ H, (t, %, 7 (t, %), 7 (t+1,%). 7 (t, x+ 1), u; (t, X). v (¢, X))
oz dz, ’

where y; =y, (t, X), i = 1,_3 are N-dimensional vector-functions of conjugated variables being
the solutions of the problem

l//i(t_l,x_l):6Hi[t,x]+6Hi[t—1,x]+6Hi[t,x—1], i3
0z 08, ob,
l//l(tl—l,X—l)zwz(tl—l,x_1)_w,
1
oH,[t, =L, x| oH,|t, -1,X
vt —Lx=1)=y,(t —Lx-1)+ 1[ala1 - 2[31612 ] p(t-1,X-1)=
8H1[t—1,X—1] 5%(22('[2,)())
= t,—LX-1)=yp,(t, -1, X —-1)- 22222V
8b1 s l//2(2 > ) l//3(2 N ) azz ,
oH,[t, -1, x] aH,[t, -1, x
vt —Lx=1)=y,(t, - L, x=1)+ 2[62612 I 3[82813 ], (5)
oH,[t. X ~1] 0p,(z(t,. X))
t—-1L,X-1)=—22"— - t, -1, X —1)= -3 2
l//Z( ) ) abz , l//3(3 5 ) 623
%(Q—Lx—l):w, 1//3('[_1,)(_1):M.

oa, ob,
Theorem 1. For optimality of the admissible control u(t, X), in problem (1)-(4) the
relations

Hl0Ll_  (9.e)ep,. i=i3, (©)

should be fulfilled.

Relation (6) as a necessary optimality condition of first order is the analogy of the Euler
equation for the considered problem.

Using non-negativity condition of the second variation of the quality test, one can obtain
second order necessary optimality conditions.

To this end, assume that in system (1)

fit.xz.a.b.u)=Btx)b +Ft.xz.8.u). (7
Assume
0% (z (t,, X
K,(z,s)=-R(t, X; H,T)Mﬂ(t b %:0,8) - Qlt,, X;0,7) x

0z}

2 2
NEACACRS) Qult,. X:0.9) - Qt,, X:60,7) 2 (23 (Zt” X) Q,t, X;6,5) +
23

o))
NNN

t-1 X-1 2 5
" Rl,(t’ )QQ,T)LMRI (tﬂ )QH, S) +R1’(ta XQJT)L[LX]X

2
t= 0+1 % max(r, s)+1 Z 821 8a1

)wa(t, >g<9,s)}r

xR (t +1,x6,8) +R(t +1 x6,7 5. 52
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t-1  X-1 2
+ Rl’(t+],x;¢9,r)a gz‘i[zt’x]Rl(t+],><;6’,s)+

t= 6 = max(z,s)+1 1

07H, [t,x]

+ [q(t, )gH,r)TQ(t, x6,s)+Q(t, xe,r)wx

0z, 0a,
) 0*H, [t,x]

38, 02, Q(’[, )§9,S)+Q'(t +1 )§<9,T)><

le(t +1, x9,3)+Q'(t +1 x6,7

aZH t, t-1 X-1 , aZH t,
x#Q(tﬂ,xe,s)}tz > {Qz(t,xe,r) 3£ X]Qz(t,xe,s)+
aa? Etf, x max(r,s)+l azg
, 0°H.|t,x . 0°H.[t,x
+QUt, xe,r)aZS;a[as]Qz(t +1,%x6,s) +Qit +1 x&,r)?a[%]@(t, x0,8) +
O*H. |t
+Q;(t+Lx9,r)%Q2(t+l,)§0,s)},
3
2
K, (7,s)=—Ri(t,, X;6, )(3 "’2(222(2t2’x))R2(t2, X;0,8) —Qit,, X;0,7)x
2
0’py(z(t,, X)) SRS 0’H,[t,]
x— 22 2IQt, X:0,8) + Ry(t, x0,7) —22=R,(t, x0,)+
a E O+l %= max(r S}»Ll aZZ
Ry x0.0) Rl k09 iRyt +1x0.0) SR ¢ xpg) |+
2\ ’ a2 2 9 2 9 832 622 2\% 9

tol X-1 2
+ R'Z(t+],>§0,r)L[t’X]

8 2
0 x max(z,s)+

R,(t +1 x6,s) +

ty-1 X -1 azH [t X] 82H [t X]
(L, X6, 2—=Qyt, %60, (t, x0,r)—>3L2 "
+t:t2>(:m;(r,s)+l Qs( X T) oz Qs( X S)"’Qs( X T) 0z, oa, X

xQyt +1,x8,s) +Q|(t +1 x6,7) 86238[2X]Q3(t, %6,8)+Qit +1 x6,7) x

y d*H, [t, x|
oa’

Qt +1 xH,s)},

2
K,(7,8)=—R}(t;, X;6,7) o'yt X))R3(t3, X;0,8) +

2

0z,
t X1

0°H [t X] 0*H [t x]
R.(t, x0,7) — 2R (t, x 0, R(t, x0,7r)—>t"
3 5 rexen) R g e T,

—_

0a, 0z,

-l X-l 2
+ R;(t+Lx9,r)LEt’X]

t= 6 % max(z,s)+1 3
Here, R (t, X; T, S),
following problems:

2
xR,(t +1 x8,s) +R}(t +1, x@,r)L[t’x]Rﬁ, )g&,s)}+

R, +1 x6,s).

=1,3 are (nx n) matrix functions being the solutions of the
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Rl r-1s-1)=R (b 79 M Rt -1, LS

“ (8)
of [r,s5-1]
AL, X —_1)=ite=
+R(’X9 T,S ) abl ,
Ri(teX; t_l,S—l)Z R(t,x;t—l,s)w’
oa,
R(t’x;7_1,X—1)=R(t,X;T,X—I)%, ©

R(t,x;t—1,x-1)=E,

and Q, (t, X; T, S), = 1,3 are determined by the formulas

Q(t,x;7,8)=R,(t,x; t, - 1L,x=1)R (t,,X; 7,5)+

SR Gxt -1 A-1)-R (tx t, —1, 52l =LA [t lﬁ] R(t,.f;7,9),
ot ng)=R (Xt L l)Ql(tz,x L)

+ zl _[&(t,x;tz—l,ﬂ—l) R (t,x;t, -1, 8)] 22— f3[ lﬂ] Q(t,.B:7.9).
o Q(t,x; 7,8)=R(t,x; t, -1, x~ I)Rz(tz,x 7,8)+

+ﬁ§l_[R3(t,x;t2—1,ﬂ—1) R,(t,x; t, -1, B)] - -2— [ lﬂ] R(t,.4;7.5)

Using discrete variants of line variations [3, 4], we prove
Theorem 2. If the sets U,, i =1,3 are convex, then under the made assumptions for

optimality of the classic extremal u(t, ) in problem (1)-(4), (7) the following conditions
X-1 X-1 S
GRS IERIGE MO
T=Xy S=Xo i

X! a H, [9 x]

+ZZ > v

=Xy [S=X

Q.z
T
N

R(6+1,% 6,s)—
ou, 0a aui

should be fulfilled for all V,(X)eU,, X=X,,X, +1,...X =1, 8T, i=13.
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