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Extreme problems for differential inclusions allow to cover many of the considered
problems of optimal control. Extreme problems for various types of multidimensional
differential inclusions are investigated by the author.

In the paper (see [1]) the problems of a minimum for extreme problems of three-
dimensional differential inclusions are considered. The work consists of four parts. In p.1 are
investigated continuous dependence of decisions of three-dimensional differential inclusions on
the right part and on boundary conditions (see. [2]) are investigated. In p.2 variations problems
in which extreme problems results for three-dimensional differential inclusions are considered.
In p.3 extreme problems for three-dimensional differential inclusions are considered, necessary
conditions of the first order are obtained. In p.4 the necessary conditions of the second order of
problems a minimum for three-dimensional differential inclusions are obtained.

Let f:[0,1] x RN 5 R=RU{+xo}, ¢ :[0,]]>xR™ >R,
@, :[0,1]° x R™ >R, @, :[0,1]* x R*™ — R be normal integrands,
a :[0,I] x SURLRLING LY , where 1 =1,2,3; K, K,,K; are natural numbers, &, (X, Y,z @)
are compact at any (X, Y,z ®), M, (0,1 = 2R , 1 =1,2,3, are measurable; in addition
M, (Y, 2), M,(X,2) and M, (X,Y) are non empty at X, Y, z € [0,1]. We put
V2 = lue S0 u, e L[0T}, VP ={oe LS[01] v, e LS[0,1}
V) = {we LS[0,1F s w, e LS[0,1},
where 1< p<+oo. If (U,0,W) €V,” xV .’ xV,", then we denote
U(XY,2) =X Y, 2),0(XY,2),WMXY, 2)),
VU (XY, 2) = (U, (%, Y, 2,0, (X, Y, 2), W, (X, ¥, 2)) .

The function (u,0,W) € V,” xV,” xV ' satisfying inclusions
u)((X9 y’ Z) € a'l (X7 y’ Z7U (X’ y’ Z))7Uy(X3 y’ Z) € a2 (X’ y’ Z’U (X’ y’ Z))’

WZ(X7 y’ Z) € a3 (X9 y: 29U (Xy ya Z))9
u0,y,2) € M,(y,2), v(x0,2) e M,(X,2) ,W(X,y,0)e M,(x,y)at x,y,ze[0,1]] (1)

is called the solution of inclusion (1).

The solution of inclusion (1) minimizing of function
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11
#,(Y.2.U(0.y. 2).u(l.y, 2)dydz +[ [ 0, (x (X0, 2. 0(x L D)dxdz+  (2)
00
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(03 (Xa ya W(Xa yao)a W(Xa yal))dXdy

among all solution of inclusion (1) is called an optimal. It is required to find necessary
extremum conditions of the solution of a problem (1), (2).
Let

v, (XY, Zo,u) =infflu, —u|:u, € a,(X,y,Zw)},
q,(Y,zu) =infflu, —ul:u, e M (y,2)},
v,(XY,Z,0,0) = inf{|u1 — z)| v, ea (XY, zm)},
d, (Y, zv) =inf{lo, —v|: v, € M, (X, 2)},
v, (XY, Z,0,W) =inf{lw, —W:w, € a,(X, Y,z )},
0, (X, Y, W) =inf{lw, —w: w, € M, (xy)}.

1
Fp(uﬁu’ W) = {j (V/I (X’ y’ Z7U (X7 y’ Z)9VU (X5 y’ Z)) +l//2(x’ y’ Z’U (X’ y’ Z)7VU (X7 y’ Z)) +
0

) ——
S ——

. 11 i
(%Y, ZU (% ,2), VU (%, Y, 2)) " dedydz}” + ([ [ 0P (v, (0, y, 2)dydz)” +
00

+ (] JaP (e Zo(x0.2)dxt2)” + (] [ Q2 (% Y. w(x, y.0))ixdy)”

I, (U,0,wW) = Jp(u,u,w)+ m- Fp(u,u,w).

Theorem 1. Let mappings (X,Y,2) > & (X, ¥,Z,m), i =123, (y,2) > M,(y,2),
X2) >M,(X,2) and (X, ¥) > M;(X,y) are measurable, a (X, Y,Z®), M,(y,2),
M,(X,2) and M,(X,y) are non empty, compact at X,Yy,Z e €[0,1],w e R""™ and
p(a (XY, 20),3(X Y, Z))<M|w, —@| holds at ®,w, € R%"™™ =123, Besides
let there exists functions K(-) € L, [0,11%), k (), K, (), k; () € Lq[O,l]2 , where lp+% =1,
p €[1,+), such, that

f(%Y,Zzw)- (XY, Z0)| <KX Y, Do-o]| for o0 R
o (Y, ZW) =@ (Y, Zu)| < K (Y, 2)u—u,| for U, u e R™,
|(p2 (X,Z,0) =@, (X, Z,v, )| <k, (X, Z)|l) - 1)1| for v, v, € R*™,
|(/)3(X, V. @)—@,(X, 2@, )| <Kk, (X, y)|w — wl| for @, € R |
and let mappings (X, ¥,2) > f(X,¥,Z,®), (Y,2) > ¢,(Y,ZU), (X,2) > ¢,(X,Z,0),
(X,¥) = @;(X, y,@) are measurable. Then, if (U,0,W) € V,? xV.” xV? is the solution of

2
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a problem (1), (2), then there a number M, >0 exists such, that
I, ((U,0,W) + A(u,0,W)) — | . (U,0, W) >0
i B

|2 ((U,0, W); (u,0,W)) = lim
for (u,0,w) eV,” xV " xV}, £>0.
Remark 1. Note, that if K(-) € L, ([0,11*), K, (), K, ("), K; () € L [0,1]* then similarly
theorem 1 it is proved, that exists M> 0 such, that (U,0,wW) also minimizes functional
I (U,0,w) = J (u,0,w) +m-F (u,0,W) inspace V.” xV.”xV}.

Corollary 1. Let the conditions of theorem 1 are satisfied, in addition functions
o> (XY, Zzo), u->e(Y,ZuU), 0> ,(XzV), @—>@e,(X,Yyo) are convex,
mappings @ — a (XY, zw), 1=12,3, are convex, sets M,(y,2), M,(X,2z) and
M,(X,y) are convex at (X,Y,2) €[0,1]°, k() e L ([0,1]*), Kk (), ky (), ky(-) € L, [0,1]*.
Then for that (U,0, W) was a minimum point of function J(U,0,w) in space V,” xV P xV.?,
is necessary and sufficiently to find functions (U ,0 ,W )€ Li;‘Jrszrk3 ([0,1]°), where

__* *

u, e LS ([0,1]), 0, e L([0,1]°), W, € LY([0,1]’) and the number mM> 0 such, that
1) (U:(X, y’ Z):’j;(xa ya Z),WZ*(X, ya Z),U*(X, ya 2)75* (X’ y’ Z)aV_V* (Xa y’ Z)) €
cd f(xy,zU(XY,2),0(XY,2),W(XY, 2),U,(X,Y,2),0,(X Y, 2),W,(X, Y, 2)),
2) (T (0,y,2),-0 (1,Y,2))) € 0o, (¥, 2U(0, Y, 2),U(l, y, 2)) + mq, (Y, 2, T(0, Y, 2)),
3) (07(%,0,2),-0 (X1,2))) € d(p, (X, 2,0(X,0,2),0(X,1,2)) +mq, (X 2 0(X0,2)),

4) (W (X, ¥,0),=W (X, y.))) € 005 (X, Y, W(X, ¥,0), W(X, ¥,0)) + Ma; (X, Y, W(X, ,0)),

where f = f +My, +v, +y;).
Theorem 2. Let (U,0,W) €V,? xV.” xV” (1< p < +oo} is the solution of a problem
(1), (2) and the conditions of theorem 1 are satisfied. Besides K(-)eL_([0,1]’),
K (), K, (), K;() e L [0,]]*. Then there exists number M>0 and the functions
@,o", W) e L™ ([0,1%), where T € LY ([0,1]°), D, € L2 ([0,1]°),
W, € Lg ([0,1]°), such, that
1) (U: (X’ y’ Z)’ U; (X9 y’ Z)7WIZ>!< (X7 y’ Z)’ U* (X7 y’ Z)’ U* (X9 y’ Z)’V_v* (X9 y’ Z)) €
e a f(x7 y) Z’ U(X’ y’ Z),lj(x, y’ Z)7W(X’ y’ Z)’ lTX (X’ y’ Z),Uy(x’ y, Z)’ WZ(X’ y’ Z)) ’
2) (@ (0,y,2),U"(1,,2)) € (¢, (¥, 2U(0, y,2),U(l, y,2)) + mq, (y, U(0, y,2)),
3) (07(x0,2),0 (X1,2)) € 8(@,(X 2,0(X0,2),0(X,1,2)) + Mg, (X, 2,0 (X0, 2)),
4) (W* (Xa y>0)9W* (Xa y,l))) € a(¢3 (X, y7 W(X> yao)a W(X5 yal)) + rm::, (Xa ya V_V(Xa yao))a
where f = f+m(y, +y, +v,).
O; 19 i X) b Z) b
We denote K, (X Y, 2.0,9) = 8y o i ynun (@,9) = caxy.zo)
+00; $ea (XY, Zm).

Theorem 3. Let (U,0,W) eV,? xV,”? xV,” (1< p<+oo} is the solution
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of a problem (1), (2) and the conditions of theorem 1 are satisfied. Besides K(-) € L_([0,1]’),
K (), K, (), K;() e L _[0,1]*. Then there exists number M>0 and the functions

—k

@,o", W) e L™ ([0,1°), where T, e LY ([0,1]°), 0, € L2 ([0,1]'),
W, € L¢ ([0,1]), such, that
1) (U: (Xﬁ y’ Z)ﬁlj; (X’ y’ Z)) W; (X7 y’ Z)QU* (XJ y’ Z)QU* (X7 y’ Z),W* (X’ y’ Z)) e
G a :F(X’ y’ Z’ U(X’ y’ Z)75(X’ y’ Z)7V_V(X’ y’ Z)’ UX(X’ y’ Z)’ 5y(X7 yi Z)’ V_VZ(X’ y5 Z)))
2) (@(0,y,2),-U (1,Y,2))) € 09, (Y, 2,U(0, Y, 2),U(L, ¥, 2) + (N, (., (@(0, ¥, 2)),0),
3) (0 (%0,2),-0 (x1,2))) € 09,(X,2,0(%0,2),0(X,1,2) + Ny _, , (0(x,0,2)),0),
4) (W (X, ¥,0),~W" (X, Y,1))) € D@5 (X, Y, W(X, ¥,0), W(X, Y.1) + Ny (W(X, ,0)),0),

where f =f+(K, +K, +K,).
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