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1 Introduction 
 
 One of the most important problems faced by investors involve the allocation of their 

wealth among different investment opportunities in a market consisting of risky assets. 
Determination of optimal portfolios is a rather complex problem depending on the objective of 
the investor. In this setting, the objective of the investor is to maximize the expected value of a 
utility function of the terminal wealth. The risk preferences of the investor is given and 
measured by the utility function. The most widely used measures of risk-aversion were 
introduced by Pratt [7] and Arrow [1]. 

In most of the multiperiod problems, the rates of return of the assets during consecutive 
periods are assumed to be uncorrelated. In a realistic setting, this is not correct and the 
dependence among the rates of return in consecutive periods should also be considered. This 
dependence or correlation is often achieved through a stochastic market process that affects all 
deterministic and probabilistic parameters of the model. A tractable and realistic approach is 
provided by using a Markov chain that represents the economic, financial, social, political and 
other factors which affect the returns of the assets. The use of a modulating stochastic process as 
a source of variation in the model parameters and of dependence among the model components 
has proved to be quite useful in operations research and management science applications. In 
finance literature the Markov modulated market is described as regime switching. Hamilton [6] 
provides one of the earlier papers that suggest the use of regime switching to explain business 
cycles. He suggests that the state of the business can be described by a state variable which can 
be parameterized as a first-order Markov process. Gray [5] uses the regime switching approach 
for short term interest rates. He first examines different models with both single and multiple 
regimes, and proposes a new model called generalized regime switching. He concludes that the 
generalized regime switching model outperforms simple single-regime models in an out-of-
sample forecasting experiment. Çakmak and Özekici [2] applied the idea to multiperiod mean-
variance portfolio optimization problem. Considering a market with one riskless and some risky 
assets, a multiperiod mean-variance formulation is developed.  

In this paper we will summarize the results for exponential utility function from HARA 
class. Similar results exist for power and logarithmic utility functions and details for these 
results with numerical analysis can be found in Çanakoğlu and Özekici [4]. 

 
2 The Stochastic Market Model 
 
 Suppose that the state of the market in period n  is denoted by nY  and 

}0,1,2,=;{= LnYY n  is a Markov chain with a discrete state space E  and transition matrix 
Q . Let )(iR  denote the random vector of asset returns in any period given that the stochastic 
market is in state i . The means, variances and covariances of asset returns depend only on the 
current state of the stochastic market. The market consists of one riskless asset with known 
return fr  and standard deviation 0,=)(ifσ  and m  risky assets with random returns 

))(),...,(),((=)( 21 iRiRiRiR n
m

nnn  in period n  if the state of the market is i . We assume that the 
random returns in consecutive periods are conditionally independent given the market states. 
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Moreover, )(iRn  and )(iRk  are independent and identically distributed random vectors 
whenever .nk ≠  This implies that the distributions of the asset returns depend only on the state 
of the market independent of time. For this reason, we will let )(=)( iRiR n  denote the random 
return vector in any period n  to simplify our notation. 

We let [ ])(=)( iREir kk  denote the mean return of the k th asset in state i  and =)(ikjσ  

Cov ))(),(( iRiR jk  denote the covariance between k th and j th asset returns in state i . The 

excess return of the k th asset in state i  is fk
e
k riRiR −)(=)( . Our notation is such that fr  is a 

scalar and )(ir , )(ir e  are column vectors for all i . We let nX  denote the amount of investor's 

wealth at period n  and the vector ),,,(= 21 muuuu L  denotes the amounts invested in risky 
assets )(1,2,..., m . 

A utility function U  is a non-decreasing real valued function defined on the real 
numbers. Hyperbolic absolute risk aversion (HARA) is described by the absolute risk aversion 
function )1/(=)()/( bxaxUxU ''' +  where HARA utility functions with an identical parameter 
b  belong to the same class. This also implies that the risk tolerance function of the investor, 
defined as the inverse of the risk aversion function, has the linear form bxa +  for HARA utility 
functions. We assume that the utility of the investor depends on the market state so that the 
utility function is ),( xiU  if the state of the market is i  and the wealth is x  at the terminal time. 
The HARA class consists of exponential, logarithmic, and power utility functions.  

 
3  Exponential Utility Function 
 
We assume that the utility of the investor in state i  is given by the exponential function  

)/(exp)()(=),( βxiCiKxiU −−                          (1) 
with 0,>β  ( ) 0>iC  where we can easily see that Pratt-Arrow's measure of absolute risk 
aversion is simply equal to the constant β1/=),()/,( xiUxiU '''−  for all i . The exponential 
utility function is one of the most widely used ones to represent investors attitude towards risk 
in portfolio optimization. It has constant absolute risk aversion given by β1/  which means that 
the investor has the same risk preferences for random outcomes independent of his wealth.  
 

Theorem 1 Let the utility function of the investor be the exponential function (1) and 
suppose that the riskless asset return does not depend on the market state. Then, the optimal 
solution for the value function is 

( ) nx
nnn eiCiKxiv β/)(=),( −−                                        (2) 

and the optimal portfolio is 

1)(=),( +
∗

nn ixiu βα                        (3) 
where 

( ) ( ) ( ) ( )iCQiCiKQiK
r

nT
n

nT
nnT

f
n

−−
−

ˆ= ,= ,= ββ                              (4) 

and 
( )[ ]))((exp),(=),(ˆ iiREjiQjiQ 'e α−                                   (5) 

for all 1;,0,1,= −Tn L  and )(iα  satisfies 
[ ] 0=))()((exp)( iiRiRE 'ee

k α−                                                (6) 
for all assets mk ,1,2,= L  and all i .  
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 Using the well-known dynamic programming algorithm Theorem 1 can be proven. 

Detailed proof and the analysis can be found in Çanakoğlu and Özekici [3]. In Theorem 1, we 
have found a closed-form solution for the optimal portfolio. We can further characterize the 
optimal policy by noting from (6) that the optimal solution satisfies 

 ( )( ) ( )( ) ( )( )[ ] 0=exp iriRriRE '
ffk α−−−  

which implies 
( ) ( ) ( )( )[ ]

( ) ( )( )[ ] f'

'
k r

iiRE
iiRiRE =

exp
exp

α
α

−
−

                                (7) 

for all assets .,1,2,= mk L  A significant characterization implied by the optimal solution (3) is 
that the optimal distribution of wealth invested on the risky assets depend only on the state of 
the market independent of time. Moreover, it is quite amazing that it is also independent of the 
wealth level. If the market is in state i  in period n , then the total amount of money invested on 
the risky assets does not depend on the current wealth level x . Moreover, the proportion on 
wealth allocated for asset k  is 

)(

)(=)(

1=

i

iiw
k

m

k

k
k

α

α

∑
                     (8) 

which is totally independent of both time n  and wealth x . The exponential investor therefore 
decides by considering the state of the market only. The intuition in this amazing result is in the 
exponential utility function. Like the memorylessness property of the exponential distribution 
that is associated with time, the exponential utility function implies a similar property associated 
with the wealth of the investor. The investor is memoryless in the sense that his current wealth 
level does not affect how he chooses to allocate his money among the risky assets. However, 
note that there is randomness involved in this choice due to the randomly changing market 
conditions. Our results are of course consistent with similar work in the literature on exponential 
utility functions, but our stochastic market approach makes our model more realistic without 
causing substantial difficulty in the analysis. Another important observation is that the structure 
of the optimal portfolio is not affected by the transition matrix Q  of the stochastic market. It 
only depends on the joints distribution of the risky asset returns as prescribed by (7). This 
further implies that the exponential investor is not only memoryless about his wealth, he is also 
myopic since he does not care much about future states of the market in choosing his portfolios. 

The evolution of the wealth process X  using the optimal policy can be analyzed by the 
wealth dynamics equation 

β)(1
1 n

Tn
fnfn YArXrX −+

+ +=  

where we define random variables ( ) ( ) ( ) )(=)(=
1=

iRiiiRiA e
kk

m

k
'e αα ∑  for any state i  with 

mean )()()(
1

irii m

k
e

kk∑ =
= αα . Using the optimal allocation of funds to the assets the optimal 

wealth process can be written as  

( ).=
1

0=
0 k

n

k

Tn
f

n
fn YArXrX ∑

−
−+ β                                                 (9) 

It can be shown that both the mean and the standard deviation of TX  depend linearly on β . 
This shows that the exponential frontier is the straight line  

[ ] ( )
( ) ( )Ti

T
fTi X

Tiv
TimxrXE SD

,
,= 0 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+                                          (10) 

where SD ( ) ( )TiTi XX Var=) , ( ) ( )iQTim kT

k
α∑ −1

0=
=, , and  
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( ) ( ) ( )( )mki

T

m

T

k
YAYACovTiv ,=,

1

0=

1

0=

2 ∑∑
−−

 

In other words, the expected value and standard deviation of the terminal wealth fall on this 
straight line when they are calculated and plotted for different values of .β  Also, it cuts the 

zero-risk level at [ ] 0= xrXE T
fTi  as expected. The reason for this is that for zero-risk level the 

investor puts all of his money on the riskless asset. The return of the riskless asset until the 
terminal time T  is ,T

fr and the wealth at the terminal time will be 0xrT
f  for sure. The risk 

premium, or Sharpe ratio, for the exponential investor is given by ( ) ( )TivTim ,/, . 
The distribution of the final wealth other than just the mean and variance is also 

important. To derive this distribution we can find the Fourier transform 

( )[ ] ( ) ( ) ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠

⎞
⎜
⎝

⎛ ∑
−

k

T

k
i

T
fTi YAjExrjXjE

1

0=
0 expexp=exp γβγγ  

of the final wealth using the Fourier transform ( )[ ])(exp)( iRzjEz e
i ′=Φ  and the fact that 

( ) ( )( )[ ] ( )( ).=|exp=,,,exp
1

0=

1

0=
110

1

0=
kkY

T

k
kk

T

k
Tk

T

k
YYYAjEYYYYAjE γβαγβγβ Φ∏∏∑

−−

−

−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠

⎞
⎜
⎝

⎛
K  (11) 

Therefore, the Fourier transform of the final wealth can be written as 
( )[ ] ( ) ( )( )ixrjXjE i

T
fTi γβαγγ Φ0exp=exp                                           (12) 

( ) ( ) ( ) ( )( ).,,,
1

1=
12211

1,,2,1

kki

T

k
TT

Tiii

iiiQiiQiiQ γβαΦ∏∑
−

−−

−
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