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In this talk we will present the existence of weak solutions for the g -Kelvin-Voight 

equations. The results given here are published in [12]. 
The incompressible Newtonian fluid flows are described by Navier-Stokes equations 

given by 
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0=⋅∇ U ,     (1) 
where  is the Laplace operator  and  are the kinematic viscosity and the Δ⊂Ω ,3R v F
external force respectively. In the above equation the velocity vector U  and the pressure P  are 
unknown. These equations are studied extensively, we refer the reader to [4, 5, 13, 19], for some 
of the literature. 

The idea of investigating 3-dimensional nonlinear equation in thin domains was 
introduced by Hale and Raugel [6, 7] in ( )ε,02 ×Ω  where . Afterwards 10,2

2 <<⊂Ω εR
Raugel and Sell studied the Navier-Stokes equations in thin domains [17]. They use vertical 
mean operator M  which decompose every function U  on εΩ  into the sum of a function 

),( 21 xxvMU =  and a function )3x,,( 21 xxw)1( UM =−  where  corresponds to the solution v
reduced 3D Navier-Stokes equations. Since  depends on only 2 spatial variables, it is possible v
to use better estimates. In the case of a varying bottom Camassa, Holm and Levermore [2] have 
derived a family of shallow water equations which model the circulation of a fluid in a large 
shallow basin. In the derivation of these models they have used the weighted divergence 
condition. If the bottom is flat, divergence free models are obtained [2]. Assuming that the 
function representing the topography of the bottom is nondegenerate, they have obtained the 
long-time effects of the bottom topography for the lake and great lake equations. Levermore, 
Oliver and Titi [14, 15], have obtained global existence and uniqueness of lake and great lake 
equations. Roh [18] has employed the technique of Hale, Raugel and Sell in [6, 7, 17] to the 
Navier-Stokes equations to the domains ( )g,02 ×Ω . Some properties of the solutions are given 
in [1, 11, 18]. Kelvin-Voight equations have also been studied extensively, see for example [8, 
16]. Recently Cao, Lunasin, Titi [3] have obtained the global regularity of the inviscid version 
of 3D Kelvin-Voight model. The Gevrey regularity of the global attractor and determining 
modes for the 3D Navier-Stokes-Voight equations (Kelvin-Voight equations) are given in [9, 
10]. 

The motion of visco-elastic fluid and the basic properties of visco-elastic materials can 
be described by Kelvin-Voight equations which are given by 
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t

U
t =Δ+Δ⋅+Δ−Δ−

∂
∂ α  in Ω  

0=⋅∇ U  
in 3D.  

The change of variables, ),(,, 21332211 xxgxyxyxy ===  maps 3Ω  onto  in 3D gΩ

where  and  is a function of [ ] g,1,03 ×Ω=Ω×Ω=Ω [ ]g,0 U gΩ∈yyy y= )( 3,, 21  [18]. 
Then using the operators M ; MI − , which are given in [6, 7, 17] we obtain the g -Kelvin -
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Voight equations 
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( ) 0=⋅∇ gu  in [ ]T,0×Ω      (3) 

 
)()0,( 0 xuxu =  in Ω      (4) 

 
0=u  in [ ]T,0×Ω∂       (5) 

where 2R⊂Ω  is a bounded domain 0,0 >> αv and gg ,Δ  - Laplacian operator which is 
defined by 

( ) ( )ug
g

uug
g

ug ∇⋅∇−Δ−=∇⋅∇−=Δ−
11

. 

It is trivial that g -Kelvin-Voight model is reduced to the Kelvin-Voight model in 2D when the 
thickness is uniform. 

In our article [12] we have discussed the existence and uniqueness of the solutions of 
(2)-(5). Our main results may be stated as: 
Theorem 1. If  and  satisfy ( ) gVugLf ∈Ω∈ 0

2 ,, g

(i) , )()( Ω∈ ∞Cxg
(ii) , 0=Δg
(iii)  where  and Nxgn ≤≤< )(0 )(gnn = )(gNN =  are constants for all , Ω∈x
then there exists at least one weak solution to the problem (2)-(5). 
Theorem 2. Under the hypothesis of Theorem 1, the weak solution of the problem (2)-(5) is 
unique. 
 

References 

1. Bae Hyeong-Ohk., and Roh, J. Existence of solutions of the g-Navier-Stokes 
equations, Taiwanese Journal of Mathematics, vol.8, No 1 (2004) 85-102.  

2. Camassa R., Holm D.D., Levermore C.D., Long-time effects of bottom topography in 
shallow water, Physica D.(1996)258-286.  

3. Cao Y., Lunasin E.M. and Titi E.S., Global well posedness of three-dimensional 
Kelvin-Voight model, Communications in Mathematical Sciences vol.4, No.4 (2006), 
823-848  

4. Constantin P. and Foias C., Navier-Stokes equations, Chicago Lectures in 
Mathematics, The University of Chicago (1988).  

5. Galdi G.P., Lectures in mathematical fluid dynamics, Birkhäuser-Verlag (2000).  
6. Hale J.K., Raugel G., Reaction-diffusion equation on thin domains, J. Math. Pures 

Appl. 71(1992) 33-95. 
7. Hale J.K., Raugel G., A damped hyperbolic equation on thin domains, Trans. Amer. 

Math. Soc. 329 (1992), No.1, 185-219.  
8. Kalantorov V., Attractors for some nonlinear problems of mathematical physics, Zap. 

Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. (LOMI) 152 (1986), 50-54.  
9. Kalantorov V.K., Levant B. and Titi E.S., Gevrey regularity of the global attractor of 

the 3D Navier-Stokes-Voight equations, arXiv: 0709.3328v1.  
10. Kalantorov V.K., Titi E.S., Global attractors and determining modes for the 3D  

 

 31



The Second International Conference “Problems of Cybernetics and Informatics” 
September 10-12, 2008, Baku, Azerbaijan. The plenary paper   

www.pci2008.science.az/3/03.pdf 
 

 32

Navier-Stokes-Voight equations, arXiv: 0705.3972.  
11. Kwak M., Kwean H., Roh J., The dimension of attractor of the 2D g-Navier-Stokes 

equations, Journal of Mathematical analysis and applications 315, ( 2006) no.2. 436-
461.  

12. Kaya M., Çelebi A.O. Existence of weak solutions of g Kelvin Voight equation, 
Mathematical and Computer Modelling, accepted for publication.  

13. Ladyzhenskaya O. A., The Mathematical Theory of viscous Incompressible Flow, 
Gordon and Breach (1969).  

14. Levermore C.D. Oliver M. and Titi E.S. Global well-posedness for models of shallow 
water in a basin with varying bottom. Indiana University Mathematics Journal vol.45 
(1996), No.2, 479-510  

15. Levermore C.D. Oliver M. and Titi E.S, Global well-posedness for the lake equations, 
Physica D 98 (1996),492-596  

16. Oskolkov A.P. , The uniqueness and Global Solvability of boundary-value problems 
for the equations of motion for aqueous solutions of polymers, Journal Soviet 
Mathematics, 8, No 4 (1977).  

17. Raugel G ., Sell G.R., Navier stokes equations on thin 3D Domains I. Global attractors 
and global regularity of solutions 6, (1993), no.3, 503-568. 

18. Roh J., g-Navier Stokes equations, PhD thesis, University of Minnesota,(2001).  
19. Temam R., Navier-Stokes equations: theory and numerical analysis North Holland 

publishing, (1977). 


