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Abstract— Work is devoted study of a problem of optimal control
for a Schrodinger equation with purely imaginary factor in a
nonlinear part of this equation where control is quadratically the
summable function, and the criterion of quality is a functional of
Lions. With that end in view at first the correctness of statement
of the reduced problem is investigated and the correctness of
statement of a problem of optimum control is studied.
Differentiability of a functional of Lions is investigated and the
necessary condition of an optimality in the form of a variation
inequality is established.
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L. INTRODUCTION

Optimal control problems for Schrodinger’s nonlinear
equation often arise in quantum mechanics, nuclear physics,
nonlinear optics, super conductivity theory and in other fields
of up to-date physics and engineering, in which the coefficient
of this equation plays as a control [1,2]. Optimal control
problems for Schrodinger’s nonlinear equation were previously
investigated, for example, in the papers [3-7], and others where
control functions are bounded and measurable functions.

In the paper we consider an optimal control problem for
Schrodinger’s equation with pure imaginary coefficient in the
nonlinear part of the equation with Lion’s quality test, where a
square-summable function is a control. It should be noted that
optimal control problems for linear and nonlinear
Schrodinger’s equations, with square-summable control were
studied earlier for example, in the papers [8-11] and others. Pay
attention to the fact that by the statement and obtained results
the given paper differs from the earlier studied ones.

II.  PROBLEM STATEMENT
Let />0, T >0 be given numbers, xe(o, 1), te[O, T],
Q=(0,7)x(0,7)- Let L, (@) be a Lebesgue space of measurable
functions summable over the power p >1, C*([0,7] B) be a
Banach space consisting of all definite, £ >0 times
continuously differentiable on [O,T ] functions with values in
the Banach space p, W;(O,l), whm(Q) be Sobolev spaces

[12,13] of functions with generalized derivatives of order
k>0 with respect to x and order m=>0 from ¢ ,

<IEEE

0 1
respectively, that are summable over the power p >1, Wz((),l )

be a subspace of the space W, (O,Z), whose elements vanish at

2 1
the ends of the segment [0,/]. VOVz (0,0)=w}(0,/)N V(I)/z (0,2)

Let’s consider a problem on minimization of the functional

T, 0)=[lw (. )=y, (x, ) dxdt+aly—of, 1)

Q

on the set V = {v =v(x): vew, (0, 1) < b} under

conditions:

VHw; (0.1)

2
ia;//tk +a, aé::k —a(x)l//k —v(x)l//k +’

+ia1|‘/’k|2‘//k = fk(x’t)’ (xat)e Q

@

v, (x,0)=w,(0), k=1,2, x<(0,/) 3)

w,(0,1)=w,(l,1)=0,1<(0, T). )

W00 _ovalliD o i c(o7), )
ox ox , ,

where i =—1,a,>0,a, >0,b>0, x>0 are the given

numbers, H =W, (0,1), we H is a given element, g = a(x) is
a bounded, measurable function satisfying the condition

da(x)
dx

SHy,

0< pty <alx)< s,
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‘?Vxe(O, Z), Hos Mys 1, =const >0, (6)

and the functions ¢, (JC), Ji (x, t ), k=1,2 satisfy the
conditions:

0
¢1 € I/VZ2 (O> Z)’ (/72 € VVZ2 (0’1)’

, (7
dp,(0) _dg,() _,
dx dx
o L1
fieW2(Q), f, eW, " (Q. ®)
The problem on definition of functions

v, =W, (x, t), k=1, 2 from conditions (2)-(5) for the given
v eV is said to be a reduced problem. Under the solution of
this problem we’ll understand the functions
v, =w,(x, t)=w,(x,t; v), k=1, 2, belonging to

B, = 00[[0, T] W, (o, l)j nc'(o, ] L, (0, 7)) and

B, =C"([0, 7] w2(0.)))NC' ([0, 7] L,(0,7)) respectively ~and
satisfying the conditions (2)-(5) for almost all xe(O, l) and
Vte [0, T ] As is seen, the reduced problem consists of two
boundary value problems, i.e. the first and second boundary
value problems for Schrodinger’s equation with pure imaginary
coefficients in the linear part of the equation. It should be noted
that boundary value problems for Schrodinger’s linear and
nonlinear equation of kind (2) earlier were studied in the papers
[3-8,11,14,-16]. However, these results are not sufficient for
our goal, since in the indicated papers a wide class of functions
is a class of bounded and measurable functions possessing
generalized derivatives from [ (0,1) . Therefore, these arises
necessity at first to study the well-posedness of the statement of
the reduced problem (2)-(5), with a coefficient from the set
Ve W (0,1) . Allowing for this remark by means of
Galerkin’s method and the proof methods of the papers [3-
8,11,12] we proved the following statement:

Theorem 1. Let the functions a(x), qpk(x), fk(x, t), k=12
satisfy the conditions (6)-(8). Then the reduced problem (2)-(5)
for each v eV has a unique solution y, c B, and y, — B,
and the estimations [17]:
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oy, (-t
”W2 (" t) w2on T ‘//(235 ) sc, Q|¢2 sz(o,,))"'
L, (0,0)
T6 (“fZ wi(Q) +||¢2 inl(O,l) +||f2 inl'O(Q)) (10)

are valid for vzel0, 7], where ¢, >0, ¢, >0 are some
constants independent of 7.

Theorem 2. Let all the conditions of theorem 1 be fulfilled
and a)eWzl(O, l) be a given element. Then there exists an
everywhere dense subset G of the space (0, /) such that for
any w € G at ¢ >0 the optimal control problem (1)-(5) has a
unique solution.

Theorem 3. Let the conditions of theorem 2 be fulfilled and

o > 0 be a given number. Then the optimal control problem
(1)-(5) has at least one solution.

Let's view the following adjoint problem an definition of
functions 77, =7,(x, ¢), k =1, 2 from the conditions.

2

on, 01,

Ot ox*
2— k

)= A Do) (1) e (1)
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7,(x,T)=0, xe(0,1), k=12, (12
70,7 =n,1,0)=0, t(0,T), (13)

6772(0,0 — anz(l’t)
ox ox

(14)

=0, t<(0,7).

where v, =y, (x, t) , k=1,2 is a solution of the reduced
problem (2)-(5) for ve V.

Under the solution of the adjoint problem we’ll understand
the functions 7, =7, (x, t) k=1,2 from the space

([0, 7], L,(0, 7)), satisfying the integral identities:

|

/) 2Clli|l//k|26k + ialﬁkl//fak }dxdt =
= 2(=1)" [ (1, (e, ) =y, (5, 0)) @ (x,t)elxd,  (15)
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where k=1, 2.

2.1
For any functions @, e, (Q), @, e W,>'(Q) satisfying
the conditions:

0D,(0,t) oD,(L,t)
Oox
®, (x,0)=0,

0, t(0,7),
p» te(0.7)

k=12

Theorem 4. Let the conditions of theorem be fulfilled and
weW,(0,1) be a given element. Then for any function

w=w(x) from (0, /) it is valid the following expression for
the first variation of the functional J (v):

&, (v,w) = [ [2a(v(xr) = @(x) () -

T

_IRG(‘//l (x,t)r_h(x,t)+ Vs (x’t)ﬁz (xat)}"t () +

dv(x) do(x) ) dw(x) J

+2a X, (16)
dx dx dx

where v/, :V/k(xa t)El//k(x’ 5 V)’ P :Uk(xa t)Eﬂk(xs 4 V)’
k=1,2 , are the solutions of the reduced and adjoint

problems for ve V.

Theorem 5. Now let the conditions of theorem 4 be fulfilled
and v' = v*(x) from V' be an optimal control in the problem
(1)-(5). Then for Vv €V the following inequality:

1

J

TRl e )7, () i -
20 (5)- o) o) (5)) -2+

a’v*(x)_da)(x) dv(x) av'(x)

- dx<0, (17
dx dx dx

dx
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is fulfilled, where 1//k*(x, t)=1//k (x, t v*) and nk*(x, t)=77k(x, t v*),
k =1, 2 are the solutions of the reduced and ajoint problem for

.
v ev.
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