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Abstract— The problem of control of loaded parabolic system 
with minimal energy is considered in the work. The statement 
of the general solution to the considered problem and the 
statement of the problem in infinite-dimensional phase space 
are investigated. The solution to the problem on control with 
minimal energy is given in the work. 
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I. INTRODUCTION 
Let the state of the controlled object is described by 

the function ),( xtu , which satisfies the equation  
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in the oblast { }TtxQ ≤≤≤≤= 0,10  and satisfies the 
initial and boundary conditions  

),(),0( 0 xuxu =     (2) 
0,0)1,()1,(,0)0,( >==+= consttututu xxx αα  
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on the border of this oblast. Here 
1...0 21 <<<<< mxxx are the known phase points, 

)(xbk  and  )(0 xu  are the given functions in ),1,0(2L  but  
),( xtp  is a control parameter.  

We will assume that all the functions in )(2 QL are the 
admissible controls.  

The problem of control with minimal energy consists of 
determining of such control from the class of admissible 
controls that, the corresponding solution to the problem 
satisfies the condition   

)(),( xxTu ψ=    (4)  

and the functional  
2
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][

QL
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takes on it’s minimal admissible value, where 
)1,0()( 2Lx ∈ψ  is a given function. 

II. STATEMENT OF THE GENERAL SOLUTION TO THE 
PROBLEM (1)-(3) 

Each concrete admissible control determines the unique 
solution. This solution can be formulate in the form of 
Fourier series on nonsingular functions of the boundary 
problem   
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The system of functions { })(xX n generates the complete 
system of orthonormal functions.  So using the known 
method we can find the following expression for the solution 
of the problem (1)-(3): 
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where ),,( txG ξ  is the Grin function and is determined by 
the formula  

∑
∞

=

−=
1

),()(),,(
2

n
nn

ta XxXetxG
t
n ξξ λ  

Here nλ  are the nonsingular values of the boundary 
problem (6). 

We’ll obtain the system of integral equations 
corresponding to the functions ),()( ii xtutu = ,  if consider 
the values mixx i ,...,2,1, ==  in the equalities (7):  
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If we denote  
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then we can write the system (8) in the vector form: 
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and which solution we can organize in the following form: 
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Consequently, the solution to the problem (1)-(3) is 
determined by the formula (7). 

III. STATEMENT OF THE PROBLEM IN INFINITE-
DIMENSIONAL PHASE SPACE 

To solve the problem with minimal energy let’s 
formulate it in infinite dimensional phase space. So we’ll 
find the solution to the problem (1)-(3) in the following 
form: 
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Then to determine the coefficients )(tun  we’ll obtain the 
infinite system of ordinary differential equations 
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with initial conditions 
0)0( nn uu =      (10) 

here ∑
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1

0 )(,,)( are the coefficients 

of Fourier functions ),(),(),(0 xtpxbxu k . 
The final condition (4) takes on the following form: 

nn Tu ψ=)(      (11) 
where  nψ  are the coefficients of the Fourier 
functions )(xψ . 
In addition to the functions ,...2,1),( =nxX n  are generate 
the complete system of orthonormal  functions, the 
functional takes on the form : 
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The class of admissible controls is the class of infinite 
dimensional vector functions 

),...)(),(()( 21 tptptp = , 
which satisfy the following condition 
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So, it is required to find such admissible control that, 
corresponding to this control the solution to the problem (9)-
(10) satisfies the final condition (11) and in addition to this 
the functional (12) gets minimal value.  

IV. THE SOLUTION TO THE PROBLEM ON CONTROL WITH  
MINIMAL ENERGY 

If we’ll denote  
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then we can write the problem (9)-(10) in the vector form: 

),()()( tPtAyty +=
⋅

         (13) 

0)0( yy =           (14) 

But the final condition takes on form 

.)( 1yTy =     (15) 

We can represent the solution to the problem (13)-(14) by 

Cauchy formula in the following form: 

 .)()(
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t
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We’ll obtain that the control function which satisfies the 
torque condition  

∫ =−
T

tTA cdttpe
0

)( )(
  

(16), 

if  we consider condition (13), where 01 yeyc AT−= .  
We can write the expression (16) in the following form 

....2,1,),( == icph ii      (17) 

if we’ll denote i-th row of the matrix )( tTAe −
 by )(thi .  

Consequently, it is required to find such control among 
the admissible controls that, this control will be satisfied the 
condition (17) and in addition to this its norm will be 
minimal. 

The control )(tp  satisfying this condition we’ll find in 
the following form: 
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As well as this function satisfies conditions (17), then the 
vector ,...),( 21 ααα = is the solution to the infinite system 
of equations  

cM =α      (19) 
where the elements of the matrix M is determined in the 
following form: 

( ){ } 1,, == jihhM ji . 
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