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Abstract— In this paper a problem of maximization of convex-
ordered functions on Jordan-Dedekind structures is
considered. In terms of guaranteed estimates it is shown that in
problems of optimization of order-convex functions on an
Jordan-Dedekind structures the gradient algorithm is stable
under small perturbations of the utility function.
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I. INTRODUCTION

Introduction initial data of many problem of discrete
optimization has the approached character. Therefore the
analysis of stability of decisions is actual at fluctuations of
parameters of a problem. Numerous publications (see, e.g.,
[1]) are devoted research of various as pests of stability of
scalar and vector problems of discrete optimization.
Questions of stability not only decisions of problems of
discrete optimization, but also algorithms of their decision
(see, e.g., [2, 3]) are actual. One of possible variants of
research of stability local (gradient) algorithms is the finding
of chance of the guaranteed (relative) estimations at “small”
indignations of parameters of a problem. 1

In this paper problem of maximization convex-ordered
functions on Jordan-Dedekind structures are considering. In
terms of guaranteed estimates it is shown that in problems of
optimization of order-convex functions on an Jordan-
Dedekind structures the gradient algorithm is stable under
small perturbations of the utility function. As corollaries we
obtain improved guaranteed estimates for accuracy of the
gradient algorithm, and also new sufficient conditions for
the values of the utility function of the problem under
consideration to coincle in the global and gradient extrema.

II. DEFINITIONS AND DESIGNATIONS

Consider the discrete optimization problem (which we
refer to as Problem A)

max{f (x)}x € H},
where f(x) is a non-decreasing 0 -order-convex function
on a partially set H .

Let X be an optimal solution of Problem 4, and let x*
be the point obtained by the following iterative procedure

[4]:
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III. THE BASIC RESULT
Let us remind [4] that a function f : H — R is called

p -order-convex on a partially set [ if

2f=fx)=f(2)2 p, Vx> y>z,

where o is a fixed non-negative number, X > ) means
that y succeeds x directly in H .

A function f :H — R is called non-decreasing if
x <y implies f(x)< f(y). The function

A" f(x) = max{f (») = f(X)|x > y, x,y € H}
are called, as usual [1], the right gradient of the function
f(x).

The steepness of function f(x) defined as [2]:

min{(A"f(x=A"f(y))/ A" f(x):
«(f)=(x.p)el Lif I =D,

0,if =9,
where
A" f(x)>A" >0,x> p,
[={(x.p) S(x)>Af(y) y
x,yeH }

We suppose hereafter that the partially ordered set
H satisfies Jordan-Dedekind condition [5]. All maximal
chains between comparable elements X and ) are of the

same length denoted by /( x,) ). Besides, we will suppose

that the set
denoted by 6.

X =argmax{ f(y)- f(x'):x' >y, yeH},
t=0,1,....x"=6,
which halts on the step 7 if either A* f(x" )< 0 or x" is

the maximal element of the set H (the set H contains the

H has the unique minimal element (zero)

zero @, as we have stipulated). This point x¥ is called the
gradient maximum the function f(x) ontheset H [4].
By a guaranteed error estimate for the gradient algorithm in
Problem A we mean a number & >0
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f(x)=f(0)
By perturbations of problem 4 by means problem B
max{F(x)|x eH},
where F(x) isa non-decreasing ¢ -order-convex function
on a partially set /{ and ¢(F)=c( f)+05,6€R,5>0.
Let £(&°) be a guaranteed error estimate for the

gradient algorithm in some unperturbed (perturbed) discrete
optimization problem. As usual (see. [3]), we say that the
gradient algorithm is stable if ¢° <gK(5) , where

K(6)—>1las o—0.
Theorem. Let & and &° be guaranteed error estimates
for the gradient algorithm in Problems A and B,

respectively. Then g <e.
To prove Theorem, we need the following lemma.

Lemma. The gradient maximum x*and the global
maximum X of any p -ordered-convex non-decreasing

function f(x) on H are connected by the following
relations:

F()=f(x5)
F(x)=1(0)

(M

1

c=c( f),h=max{h(O,x):xeH},
r=min{h(6,x): xe H™ },

L 1
1+(1—c)(h—1)

where

H™ is the set of all maximal elements of the partially
ordered set ( H,<).
Proof of Lemma. By virtue of item of Theorem 4 [4],

* t
we have for y=x ,x=Xx

SIS D) +h(x XA f(x)
Together with the fact that

A F(X))S(A=c( A ()t =1,...r,
f(x' )=f(0)+tZA*f(x“ ),t=0,...,r,

h(x',x )<h,

the last inequality yields

<¥IEEE 81

f(x )—f(e)éi;A*f(xs 4
(I—c(fN(h-1 ;_A*f(x’ Ye=1,..r
Therefore

iﬂs +(l=c)h-1)B =21t=1,..,r,
Wi

S =§; W= f( )= f(O), = A F(°)

Then, by repeating the scheme of the proof of Theorem 4
[4], we obtain estimates (1). Lemma is proved.
J . 2

Proof of Theorem. According to Lemma
1 '
g= 1- NG)
1+(1—-c(F))(h-1)
(2), (3) and the relations bottom follow from theorem

(1= f) =) h—1)< 1+ (1—e( S N(h-1),
1 1
F(1-a /)=o) -1 1+(I—e S Nh-1)’

gz( 1- !
I+(1=c(f)(h-1)

5

gz( 1- ! j'
I+(1=c(f)-0)h—-1)
[ )
< 1-

1+(1=c(f))(h-1)

J ) g
Theorem is proved.
Corollary. If ¢( £ )=1,then f(x")= f(x¥).
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