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Abstract— A stepwise discrete two-parametric boundary value
problem of optimal control is considered. Necessary optimality
conditions of first and second order are obtained.
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I. INTRODUCTION

Various optimal control problems described by 2-D
systems were studied in [1-3]. In the present paper, we
consider a stepwise problem of optimal control of 2-D
discrete systems. Under the assumption of openness of the
control problem, necessary optimality conditions of first and
second orders are obtained.

II.  STATEMENT OF PROBLEM

Consider a problem on minimum of the functional

S(“a"):¢1(c(x1))+¢2(d(x)) (1

under constraints

u(x)e U, x=x5,xy+L..,x -1,
v(x)e V, x=x,x+L..,X-1, @)
Zt+1,x+1)=
= f(t,x,2(t,x), 2(¢ + 1, x), z(¢, x + 1)), )

(t,x)e D={(t,x): t=t,,t,+1,....t,;
Xo, Xy + 1,000, X, +1,...,X—1}.
z(to,x)=a(x), xX=xy,X,+ 1., x,x +1L.., X ~1,
2(t,x,)=b(t), t=t4,t,+1,.., T, (4
a(x0)=b(t0),
c(x), X=Xxy,X,+1,...,x,

a(x):{d(x), x=x,x +1,..,X. ©)

Here f (l‘ ,x,z,f,m) is a given n -dimensional vector-
function continuous in totality of variables together with
partial derivatives with respect to (Z,ﬂ ,m) to second order

inclusively, ¢,, T, x,, X,, X are the given numbers,

<IEEE

49

moreover the difference 7' —7, and X — X, are natural
numbers, b(l‘ ) is a given 7 -dimensional discrete vector-
function, c(x) and d (x) are n -dimensional vector-
functions being the solutions of the following problems
c(x + 1) = f, (x, c(x), u(x))
X=Xxy,X,+1L...,x, =1,
c(x,)=alx,). (6)
d(x+1)= £, (x,d(x)v(x)).
x=x,x+1,.,X-1,
d(x,)=Glclx,)). )
where (x,c,u), 1 (x,d,v) are the given 7n-

dimensional vector-functions continuous in totality of
variables together with partial derivatives with respect to

(c,u), (d ,V), respectively, to second order inclusively,

UcCR",V cCR" are the given non-empty, bounded and
open sets, G(C) is the twice continuously differentiable 7 -
dimensional vector-function.

The pair (u(x), v(x)) with the above-mentioned

properties is said do be an admissible control, and an
admissible control delivering minimum to functional (1)
under constraints (6)-(7) an optimal control.

III. PROBLEM SOLUTION (NECESSARY OPTIMALITY
CONDITIONS)

Assume that

(uo(x), vO(x), 2°(x), ¢°(x), do(x)) is a fixed
admissible process.
Denote by (5Z(t,x), 5c(x), od (x)) the solutions
of the following problem:
S+ 1L,x+1)= £.(t,x)%(t, x)+
+ £, (t,x)é'z(t + 1,x)+ £ (t, x)é'z(t,x + 1)
&(t,,x) = da(x),
&x(t,x,)=0,

X=Xxy,%, +1,.., X,
t=ty,ty+1,..,T,
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oc(x+1)= %(x)éc(xﬂ afé—(x)éu(x),

c u
X=Xxy,% +1,..,x, —1,

(1) = L850 L)
x=x,x +L..,X,
5d(xl)=w 5c(x1).

Here and in sequel, f.(t,x), f,(t,x), £, (t,x).

oh(x) 9(x)
oc = ad
form

£(t,x)= fo(t,x,2(¢,x), 2(e + 1,x), 2(z,x + 1)),
fz(t,x)zf,(t X z(t,x ,z(t+1,x),z(t,x+1))
£ (t,x) (t X, z(t, x), Z(t +1, x), z(t,x + ))
8f1(x) fl(t X z(t, ),z(t+1,x),z(t,x+l))

and etc. the denote the expressions of the

oc oc
of, (x) _ 5 (t,x,2(¢, x), 2(¢ + 1, x), z(£, x + 1))
od od '
Assume

H(t,x,z,f,m,t//): t//'f(t,x,z,ﬁ,m),
Ml(xic’u’pl)zp{ﬁ(x’c7u)’
Mz(x,c,v,p2)=p; fz(x,d,v),

Where (l//(t,x), yol (x), ol (x)) is a solution of

the conjugated system.

Allowing for (6)-(7), wusing the traditional
techniques, (see [1, 2]) we can show that the first and
second variations of the quality functional have the
following form

51S(u,v; 5u,5v) =

-3 M) ) 5D

X=X, X=X,

52S(u,v; i, v) = c’(xl )%cz(xl))c(% )+

<IEEE

y 0 H(t,x)

-1 X-1

2
- oz'(t, x)égl—(zt,x) dz(t, x)+

t=ty x=x, Z

2
+ 52'(t +1, x)a I;(;‘, x)éz(t + 1,x)+ 52'(t +1, x)x
z

2
5oltx+ 1)+ 020+ 1)) 5
oz of ol oz

2
+0z'(t,x+1) 0 Ia{(t’ x) oz(t, x + 1)} -

=% oc’ u oc
+ou'(x) 82]\14412()6) 5u(x)} -
S| o0 M, (x)
_ Z[&d (022
+2 &’(x)éz\j—gch) &d(x) + &'(x)%zz(x) &(x)}

From the general theory it follows that along the optimal
control (uo (x), v’ (x)) for all (514 (x), 5v(x)) the
following relation is fulfilled:

XZI—GM{(X)&(XF §—6M5 (x)ﬁv(X)= 0, ®

ou — OV

X=X

() 20D () (1) DD )

oc?

— i i{&z'(i,x) azglz(zt’x) &(t,x)+

1=ty x=x,

2
+ (¢ + l,x)a H(Zt’x) St +1,x)+ &'(t +1,x)x
z

2 2
COHWX) 5t oo (1) )
oz ol ol oz

2
+0z'(¢,x+1) 0 I;I(t’ x) oz(t, x + 1)} -

oz(t, x)+

gz

oc? ou oc

_ Z:[éc’(x) O*M, (X) 5c(x)+ 25u'(x)82M—1(x)50(x)+

+ou'(x) 0"M\(x) 5u(x)} - )
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X-1 M . (x Relations (10) is the system of Euler equations for the
- od '(x) 22( ) od (x) + considered problem.
¥=X od Definition 1. Each solution (uo(x), vo(x)) of the
v \O°M(x o \O°M,(x system of Euler equations is called a classical extremum.
20v (x)ﬁd)éd (x)+5V (x) 22( )5\/()6) > 0. It is clear that an optimal control is among the classic
v extremums. But their number may be rather great.
Relations (8), (9) are implicit necessary optimality Therefore, using inequality (9), it should be obtained
conditions of first and second orders, respectively. necessary optimality conditions of second order directly
Using them, we’ll get necessary optimality conditions of expressed by the parameters of problem (1)-(7).
first and second orders directly expressed by the parameters
of problem (1)-(7). IV. CONCLUSION
By independence of variations 5”(35), ov (x ) of control A problem on optimal control of discrete two-parameter

systems is considered. Necessary optimality conditions in

. 0 0 . . .
functions u (x) and v (x) from identity (8) it follows the case of openness of the control domain, are obtained.

Theorem 1. For optimality of the admissible control

(u 0 (x), v’ (x)) it is necessary that the relation REFERENCES
oM ()C) [1] S.T. Aliyeva. On one discrete two parametric control problem
1 =0. forall x=1x..x. +1 ¥ —1 with boundary condition // Vestnik BDU. Ser. phys.-math. nauk,
U ’ 0500 T hees b T 2004, Ned, pp.13-19
[2] K.B. Mansimov. Optimization of a class of discrete two
6M2 (X) parametric systems // Differen. uravn. 1991, Ne2, pp.359-362.
———==0, forall x= Xp,X + 1,---,X -1. (10) [3] M.P. Dymkov. Extremal problems in multi parameter control
ov systems. Mn. BQEU. 2005. 363 p.
be fulfilled.
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