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Abstract— We consider the random fields with values in a 

separable Hilbert space. We give a strong law of large numbers 

for Hilbert space-valued random fields which is valid under some 

moment conditions and conditions on the covariance’s of random 

elements.  

Keywords— random variables, Hilbert space, Banach spaces of 

Rademacher type p,  strong law of large numbers. 

I.  INTRODUCTION  

This paper was motivated by the results of the papers 
[1],[2] and monograph [3]. In [1] the authors prove theorems 
on a.s. convergence of double sums of independent random 
variables with values in Banach spaces of Rademacher type p. 
Recall the definition of Rademacher type p Banach spaces. 

We say that a separable Banach space B (with a norm 

 ) is of Rademacher type p if there exists a constant 

0 C   depending only on B, such that   
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for every finite collection  1 2, ,..., nV V V of independent  

mean zero random variables with values in B  and 
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The following theorem is one of the main results of [1]. 

Theorem 1. Let 1 2p   and let B be a real separable 

Banach space. Then the following two statements are 
equivalent: 

(i) The Banach space B is of Rademacher   type p. 

(ii)  For every double array  , 1, 1mnV m n  of 

independent mean zero random variables with values in B, the 
condition 
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implies that the following  strong law of large numbers 
holds: 
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where max( , )m n m n  . 

In [2]and [3] the authors proved the strong laws of large 
numbers for Hilbert and Banach space-valued dependent 
random variables respectively. Our main aim is to extend the 
results of [2] and [3] for random fields and to generalize the 
results of [1] in particular case of Hilbert space-valued  random 
variables. Note that Hilbert space is Rademacher type 2 space. 

 

II. MAIN RESULTS 

Let 
2{ ( , ),( , ) }X i j i j Z  be a random field with values 

in separable Hilbert space H (with inner product ( ,  ) and a 

norm  ). We are interested in the  strong laws of large 

numbers for 
2{ ( , ),( , ) }X i j i j Z .  

We will assume that ( , )X i j  satisfies the following 

conditions         
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 for some non-increasing function ( )   , M>0  and  a norm 

1
  in 

2Z . 

The following theorem is one of our main results. 

Theorem 2. Let ( , )X i j  be a random field with values in 

H satisfying the conditions (2),(3) and: 
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Then as   m n  , for some  
1
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Corollary. Let  
2{ ( , ),( , ) }X i j i j Z  satisfy the 

conditions of Theorem 2. Then as n  
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Above corollary implies Theorem 1 of [2]. 
Note that since  (4) implies (1) the statement of the 

Theorem 2 is slightly better than of the statement of Theorem 
1(ii). 

As a corollary of Theorem 2 we can formulate the strong 
laws of large numbers for the mixing random fields with values 
in Hilbert space. 
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