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Abstract— In this paper, we propose the consistent criteria of 
hypothesis verification with zero probability of errors of any 
kind. we prove necessary and sufficient conditions for the 
existence such consistent criteria in metric space. 
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Let ),( SE  be a measurable sample space with a given 

family of probability measures  },{ Hhh ∈μ where H   is a 
set of hypotheses. Let )(HΒ  is aσ - algebra which  contains  

all finite subsets of H . 

Definition 1. The family of probability 
measures },{ Hhh ∈μ   will be said to admit a consistent 
criterion of hypotheses if there exist even though one 
measurable mapδ  of the space ),( SE  in ))(,( HBH such 

that            Hhhxxh ∈∀== ,1))(:( δμ . 

Note 1. If })(:{ khxxy =∈ δ , then we receive kh  
hypothesis. 

Definition 2. For given δ criterion we say that the mistake 
is of the i  kind, if iH  hypothesis is repudiated when it is true. 

Definition 3. The following  probability 

))(:()( ihi hxx
i

≠= δμδα  

is called the  probability of mistake of the i  kind  δ criterion. 

Note 2. If the family of probability measures 
),{ Hhh ∈μ  admits a consistent criterion of hypotheses, so 

the probability of mistakes of all kind will be zero. 

Let E  and H be a complete metric space, 
))(,(),(: HBHSE →δ  is continuous consistent 

criterion. If HFF ⊂21, are two closed disjoint sets and 

21,νν measures focused (gathered) on 21, FF , respectively, 
for the measures: 

)1(2,1),()()( == ∫ idhAA i
F

hF

i

i
νμμ  

then there are two disjoint closed sets EEE FF ⊂
21

, , which 
on these  measures are focused (gathered). 

Suppose the contrary, the measures (1) what were disjoint 
closed sets  21, FF  and measures jiFji ≠= ,0)(ν , have 
disjoint closed carriers: 

0)(;2,1, ==⊂ jFF FiEE
ii

μ  

at ji ≠ . 

Choosing the iν  measure so that 0)( >∩UFiiν , if 

HU ⊂ an open set and UFi ∩  is not empty, then we 

assume that 1)( =Fk Eμ  is true for almost all h , but then by 

the continuity kμ  from above.  Let HF ⊂  a closed set, 

and ,...2,1, =nFn  such increasing sequence of sets 

that U
n

nFHF \= . For each n ,  we can specify a pair 

EEE nn ⊂′′′ , , of closed sets, such that: 

Θ=′′∩′∉=′′∈=′ nnnnhnh EEFhEFhE ;,1)(;,1)( μμ  

Let I
n

nF EE = . It is clear that F   is a closed set and  

FhEFh ∈∀= ,1)(μ , FhEFh ∉= ,0)(μ . 

So, for each closed HF ⊂  there exists a closed set FE ,  
so that 

)()( hE FFh χμ = ,                               (2) 

where )(hFχ   the indicator  of set F . Use this result, we 
investigate the existence of a continuous consistent criteria. 

Theorem: In order for a family },{ Hhh ∈μ  of measures 
on complete separable metric space ),( SE , where H  is a 
complete metric space, necessary and sufficient condition for 
exist once of continuous  consistent  criterion δ  is, that  
measures (1) for any disjoint closed sets HFF ⊂21,  have 
disjoint closed supports.  

Proof: The necessity of the theorem established above. In 
order to prove of sufficient of the condition use (2). Denote 
also by FE  the minimal closed set for which have place (2). It 
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is obtained from FE  by throw out all balls EB ⊂  for whom 

FhBk ∈∀= ,0)(μ . If we assume, that each set F   

corresponds  set FE , then 21 FF ⊂ and 21 FF EE ⊂
 (so far 

as ). 221 FFF EEE ∪⊂
 will be 2121 FFFF EEE ∪=∪   

If FFn ↑ , then FE  coincides with the closure of 

U
n

Fn
E

. Obviously, that Θ=∩ 21 FF and
Θ=∩

21 FF EE
. 

Denote with ,...2,1,)( =KU n
k family of closed bolls  of  

radius
n−2 , which  centers formed 

12 −−n
net in H . 

Than
)(n

kUH ∪=  and every  point h is inner  although bi to 

one of the sets
)(n

kU . 

Suppose also, that for every )1( +n
kU  there 

is )1()( +⊂ n
k

n
k UU . We denote by )(n

FE  a closed set in E , 

corresponding to set )(n
kU . 

Let  hE  be the corresponding to one-point set }{h It is 
easy, to see that for each closed set F  have place a 
correspondence: FE  is a closure for

  
U

Fh
hE

∈

. Let )(xδ  is 

defined by  equality hx =)(δ , when hEx∈ . The 

map δ defined on a dense set in HE . We extend it 

to \HE U
Fh

hE
∈

. 

If, for some n  there is k , that  if
)(n

kEx∈ , 

then
U

n

n
kn

Ex )(∈
, where nk  a sequence of natural 

numbers. Let us assume hx =)(δ , where 
I

n

n
kn

Uh )(=
.This 

intersection is not empty because 
I

n

n
kn

E )(

 is non-empty and 
consists  for a single point by the completeness of the space.  

Suppose, that for some m ,
   

 

 

 

 

 

U
k

m
k

n
k ExEx

m

)1(
0

)(
0 , +∉∈ . 

If
ihi Ex ∈ and 0xxi →  then ih  it has no limit 

points. Indeed, if 0hhi →  and 0h -  an interior point in 
)(
1

m
km

U + , then )1(
1
+
+⊂ m

kh mi
UE , for sufficiently large i  

)1(
1
+
+⊂ m

kh mi
EE , )1(

1
+
+∈ m

ki m
Ex , )1(

0 1
lim +

+
∈= m

ki m
Exx . 

Let )()( m
k

m
k Uh ∈   an arbitrary 

point. Assuming )(
0 )( m

khx =δ ,  we  define  )(xδ for 

all U
k

kEx )1(∈ .  Finally, 0)( hx =δ for U
k

kh EEx )1(\∈ ,  

where 0h - an arbitrary fixed value. From the 

construction )(xδ   it follows that the prototype of )(n
kU   for 

all k and n  is )(n
kE . Therefore, for every open set V  we  have  

U
VU

n
k

n
k

EV
⊂

− =
)(

)(1 )(δ , consequently )(xδ  is 

measurable. Further I
VU

n
kH

n
k

EEVH
⊂

− =
)(

)\()\( )(1δ . 

If FVH =\ , then Θ=∩ F
n

k EE )(
  when VU n

k ⊂)( . 

This means FEF ⊃− )(1δ . 

Since  )(1 F−δ and FE  contain  a dense subset 

U
Fh

hE
∈

,  then  FE   is dense  in )(1 F−δ  and hence 

FE = )(1 F−δ . 

The theorem is proved. 
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