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Abstract— In this article experimental research was conducted in 
order to investigate the quality of the method for the solution of 
the problem of the mixed-integer programming with one 
restriction witch suggested by author.  In these experiments it has 
been confirmed once more that the method suggested by author 
operates more rapidly than the known “branch and bound” 
method. 
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I. INTRODUCTION 
A method of narrowing of the bilateral border, and 

functional variables in the following mixed-integer knapsack 
problem proposed in work [1]: 
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jj dx ≤≤0 ,  ( Nj ,1= )   (3) 

jx , jd  are integers,  ( nj ,1= ), ( Nn ≤ )               (4) 

Here, without losing generality, suppose that 0>jc ,  

0>ja , 0>jd  ( Nj ,1= ) and 0>b  are integers. 

Without losing of generality, we suggest that in the 
problem (1) - (4), the unknowns are ordered as follows:  
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II. PROBLEM STATEMENT AND THEORETICAL GROUND OF 
THE METHOD 

Let the optimal solution ),...,,( 21 nxxxX =  of the 

continuous problem (1) – (3) without the condition of 
integrality of the variables, and an approximate solution to the 
integer part of the problem (1) - (4) found. Note that the 

solutions X  and X  are determined analytically, without any 

difficulties. Let’s denote the K  number of the unknowns, 
which takes on a fractional value in the optimal 

solution ),...,,( 21 NxxxX = . 

Then, for the optimal value of *f  of the problem (1) – (4) 

we can define the upper ( f ) and bottom ( f ) boundaries as 

follows: 
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It is obvious that fff ≤≤ * . 
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The following Theorem proved in work [1]. 

Theorem 1. Let
)()(

/)(
ii jj Sffh −= , Ni ,1= . Then, 

the coordinates of the optimal solution of problem (1) – (4) 

change in the following interval: 

a) if ]1;1[ −∈ ki , then  

]]};[;0[max{
)()()()( iiii jjjj dhdx −∈ , 

b) if ];1[ Nki +∈ , then 
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Here, ][z  represents the integer part of z . 

Thus, as a result of the application of Theorem 1, the 

number of integer variables and the range of the feasible 

solutions containing the optimal solution decrease. 

The following equivalent problem is obtained if we apply 
the Theorem 1 on problem (1) - (4): 

 max
1

→∑
=

M

j
jj yc ,                                          (5) 

,
1

bya
M

j
jj ′≤∑

=

                      (6) 

                  Mjdy jjj ,1, =′≤≤α ,                     (7) 

                  jj dy ′, are integers, mj ,1= .                          (8) 

Here, bbnmNM ≤′≤≤ ,, and ,jjj xy α−=  

Mjd jjj ,1, =−=′ αβ . 

The new values jα and jβ Mj ,1= are determined 

after the application of Theorem 1. 
As computing experiments show, the number of integer 

variables m  in problem (5) - (8) is essentially less than n  in 
original problem (1) - (4), i.e. nm << . 

For finding the optimal solution of mixed-integer problem 
(5) - (8), in [1] we developed a new “branch and bound” type 
method in which, at each branching, the narrow intervals of 
values of the functional and the variable boundaries are 
essentially used. 

It is necessary to note that, for every problem chosen from 
the list of unresolved problems, the region of feasible 
solutions is narrowed simultaneously, and the upper boundary 
of the functional decreases. It is clear that, due to such 
narrowing, the efficiency (i.e., the rate) of the method 
suggested in [1], will essentially exceed the usual “branch and 
bound” method. Numerous computing experiments prove this 
fact. 

Note that the results received in [1], are the generalization 
of the results of works [2, 3] for a more general class of 
problems, namely, for the class of mixed-integer knapsack 
problems.  

III. RESULTS OF NUMERICAL EXPERIMENTS 
To know about the efficiency of the suggested method in 

[1] in comparison with the known “branch and bound” 
method, a certain number of computing experiments have 
been executed. The factors of the solved problems were 
generated as pseudorandom numbers with uniform 

distributions from the interval 9991,9991 ≤≤≤≤ jj ac  

and the integer, Nj ,1= . 
During the computing experiments, it was assumed that: 
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Let’s note that, for each fixed dimension N  and n , 8 
problems were solved. The results are presented in the table 1 
and 2, where: 

N is the number of all the variables; 
n  is the number of the integer-valued variables; 
Δ  is the length of the variation of the intervals of the 

variables in original problem (1) - (3); 
δ  is the average length of the intervals for all the 

variables that remained after the application of            
Theorem 1. We shall note that, after the application of 
Theorem 1, the upper and the lower boundaries of many 
variables coincided. Naturally, the length of such intervals will 
be equal to zero. Therefore, among the mean values of δ , 
there are those smaller than unity.  

P  is the percent of the interval length shortening for the 

variables ( 100]/)[( ⋅Δ−Δ= δP ). 

M  and m  are the mean value of the number of variable 

and integer-valued variables that remained after the 

application of Theorem (for 8 problems).  

avgP  is the average percent of the decrease of the number 

of variables: 100⋅
−

=
N

MNPavg ; 

intP is the average percent of the decrease of the number of 

integer variables: 100int ⋅
−

=
n

mnP ; 

btmin  and  btmax  are the minimal and maximal time of the 

solving of one problem taking into account 8 solved problems 

by the known “branch and bound” method, respectively; 
b
avgt  is the average time of the solving of one problem 

taking into account 8 solved problems by the known “branch 
and bound” method; 

mint  and  maxt  are the minimal and the maximal time of 

the solving of one problem taking into account 8 solved 
problems by the known “branch and bound” method suggested 
in [1]. 
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avgt  is the mean time of the solving of one problem taking 

into account 8 solved problems by the  [1]. 

TABLE I.  RESULT OF 4 PROBLEMS THAT WERE SOLVED 

N 200 200 500 500 
n 100 150 250 350 
Δ  20 20 20 20 
δ  2,41 2,25 1,4 1,28 

P  87,95 88,75 93 93,6 
M 142 113 352 264 
m 42 63 102 114 

intP  58% 58% 59,2% 67,4% 
btmin  "8  "16  "34'2  "23'1  
btmax  "03'19  "15'24  "17'58  "03'59  

b
avgt  "27'4  "12'6  "41'18  "36'21  

mint  "8  "15  "17'1  "23'1  

maxt  "35'3  "02'4  "23'10  "27'17  

avgt  "14'1  "46'1  "16'3  "16'4  

 

TABLE II.  RESULT OF 4 PROBLEMS THAT WERE SOLVED 

N 1000 1000 2000 2000 
n 500 750 1000 1500 

Δ  20 20 20 20 

δ  0,83 0,78 0,64 0,62 

P  95,85 96,1 96,8 96,9 
M 654 460 1274 902 
m 154 210 274 402 

intP  69,2% 72% 72,6% 73,2% 
btmin  "36'1  "17'4  "36'27  "12'46  
btmax  - - - - 
b
avgt  - - - - 

mint  "36'1  "07'2  "37'5  "04'14  

maxt  "18'24  "14'32  "08'46  "49'57  

avgt  "14'9  "18'12  "29'16  "07'23  

 

Let’s note that, for the calculations of the solution of one 
problem of each dimension, given 1 hour. Therefore, the cell 
of the table where the time is not specified indicates that, for 
the problem of the corresponding dimension, there was 
required more than one hour.  

IV. CONCLUSION 
From the table, it is seen that, at the application of 

Theorem 2, the length of the initial intervals for the variables 
decreases on the average by 86 - 96% (this result corresponds 
to the results [1]). This means that, after the application of 
Theorem 1, it is possible to determine a considerably smaller 
part of the region of feasible solutions that contains the 
optimal solution. 

From the table, it is also seen that the method developed in 
[1] runs much more quickly than the widely known “branch 
and bound” method. This is connected with two 
circumstances: 1 - is the number of variables and the region of 
feasible solutions are decreased; 2 - at each branching, the 
upper and the lower boundaries of the optimal functional value 
are narrowed simultaneously.  
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