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Abstract. In this work, the necessary conditions of optimality for initial data are given for
delay differential equations with discontinuous and continuous initial conditions. The
discontinuous initial condition means that, in general, the values of the initial function and
trajectory do not coincide at initial instant of time. The continuous initial condition means
that the values of the initial function and trgjectory always coincide at initial instant of time.
Under initial data we imply the collection of initial moment and delay parameter, initial
vector and function.

1. Equation with the discontinuous initial condition

Let R" bethe n-dimensional vector space of points X = (X*,...,X")", whereT means
transpose; let s, <, <t,, O<7, <7,be given numbers with t, —s, > r,; suppose that
Oc Risanopenset,K < O isacompact set, X, — O isacompact and convex set;
let the (1+n)-dimensional function F(t,x,y)=(f°(t,xy), f(t,x,y)", where
ft,%y)=(f"txy),., F"(t,x,y))", be continuous on the set [s,,t,]x0O* and
continuously differentiable with respect to X and Yy; next , let A be a set of piecewise-
continuous initiadl  functions  @(t) € K,t € (~o0,8], and Q' (t;,7, %y, %), i =0, be
continuously differentiable scalar functionsontheset [s,,S,] x[7,,7,]x X, xO.

To each element W= (t,,7,X,, () eW =(s,,5,) x(7,,7,) x X, xA we assign the
delay differential equation

X(t) = £ (t, (1), X(t ~ 7).t €[ty 1] (1)

with theinitial condition
X(t) = o), t <1y, X(t;) = X, . (2
The condition (2) is said to be the discontinuousiinitial condition sincein general ¢, (t,—) # X,.

Definition 1. Let we W . A function X(t) = X(t;w) € O,t <t, iscalled a solution
corresponding to the element w if it satisfies the condition (2) and is absolutely continuous on
theinterval [t,,t,] and satisfies Eq. (1) aimost everywhereon [t,,t,].
Definition 2. An edlement weW s said to be admissible if there exists the corresponding
solution X(t) = x(t;w) satisfying the condition

q' (to,7, %, X(t,)) = 0,i =11 ©)
We denote the set of admissible elements by W,.

Now we consider the functional

J(W) =q°(ty, 7, Xy, X(t,)) +]1 fO(t, x(t), x(t — 7))dt,

where w e W,, X(t) = x(t; w).
Definition 3. An element W, = (to,, 74, Xy, P, (*)) €W, issaidtobeoptima if
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J(w,) = v'vnva J(w). (4)

The problem (1)-(4) iscaled the initial data optimization problem with the
discontinuousinitial condition.

Theorem 1. Let W, = (to,, 7, Xy, @, (-)) be an optimal element. Then there exist a vector
7= (7y,...,1;) %0, 7, <0and asolution ¥ (t) = (y, (t), ¥ (t)), where y(t) = (v, (t),...,
v, (1)), of the equation

{W(t) = —W()F (t, X (1), X (t = 7)) = P (t+ 7o) F, (t+ 70, X (t +7), % (1)), (5)
P(t)=0,t>t,
such that the following conditions hold:
1) the conditionsfor ¥ (t) = (v, (t),w (t))
wo(t) =7yt ety tLyw(t) = ﬂQSl’
where
Q= (qo’m’ql )T aQZ = Qx1 (too’To’ XOO'XO(tl));
2) the condition for the initial moment t,
ﬂQt?) =W (to) F (too, Xo (to)s o (teo = 70)) + ¥ (tey + 70)[F (teo + 70 %o (teo + 70)s Xo0) —
—F(toy + 70, % (too + 70), 90 (to))]
where X, (t) = X(t; Wy), 90 (to — 7o) = @5 (too — 7o)y @o(tes) = @ (teo—);
3) the condition for the delay parameter 7,

”QTO = W(toy + 7o) [F(teo + 70y %o (too + 70)s %o0) = F (oo + 7os Xo (to +70)s @0 (Lo )] +

+ jl‘P(t)Fy(t, X, (1), X, (t — 7)) %, (t — 7, )dt;

too+7p

4) the condition for theinitial vector Xy,
(Q, + 1 (1o)X = MBX(7QS, + 1/ (t0)) o
5) the condition for the initial function ¢, (t)

too

too
J (2P (70, % (4 7o), oo (D)t = M [W(E-+70)F -+ 70, % (t+ ) ().
o()e
too—70

too—70 00

def
Some Comments. The condition 3) isessential novelty in thiswork. Let ¢, (t) =

@,(s,—) for t> s then for arbitrary 7 €[z,,7,] the functions ¢, (t + 7, —7) belongs to set
A. Itisclear that, for arbitrary 7 €[7,,7,] we have

t0[) t00

J“P(t +7)F(t+7,, %, (t+17,), 0, (t))dt > J-‘P(t +7)F(t+ 74, X%, (t+7,), 0, (t + 7, —7))Clt.
too—7o too—70
Thus

too+7o too+70

[POF X000t - ze))dt = max  [¥OF (t%(1), 9o (t - 7))t

From the condition 5) follows
YW(t+7,)Ft+7,, % (t+7,),0,(1) = mc’;ll<X‘P(t +7,)F(t+ 74, %, (t+7,),0),
pe
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telty —74.te]-
If K isconvex set then from the condition 5) follows

T\P(t + TO)Fy (t+ 70, % (t+74), 00 (1))@, (t) it =

too—70o

o()eA

= max T‘P(t +70)F, (t+74, % (t+74), 05 (1)) (t)dt .

In this form, for the first time, the necessary condition was proved by G. Kharatishvili [1] for
initial function.
The expression

Wt + 7o) [F(too + 70: %o (too +70)s Xa0) = F(tag + 704 %o (tog + 70), 925 (teo))]
isthe effect of discontinuousinitial condition (2).
Let X, € O and X, € O befixed points. For each initial datac = (t,,7,¢(")) € £ =
=(Sy,S,) % (7,,7,) x A weassign the differential equation (1) with theinitial condition
X(1) = p(t),t <ty, X(t;) = X,-
An element o€ is sad to be admissible if there exists corresponding solution
X(t) = x(t; o) satisfying the condition x(t,) = X..
Anelement o, = (ty,,7,,9,(-)) € Z, issaidtobeoptima if
Ji (o) = inzf J,(0),
where
4
J, (o) = J. fO(t, x(t), x(t — 7))dt, x(t) = x(t; o),
to
and X, isset of admissible elements.

The theorem presented below directly follows from Theorem 1.
Theorem 2. Let o, = (t,,7,, ¢, ()) be an optimal element. Then there exists anontrivial

solution (1) = (7, (t),w (1)), w,(t) = const <0, of the equation (5) such that the condition
5) holds. Moreover, the following conditions are fulfilled:
6) the condition for the initial moment t,

W (too) F (ton, Xo(teo)s @0 (te — 70)) + ¥t + 7o) [F (too + 7o, Xo (Lo + 70)s Xo0) —
= F(to + 70, % (too + 70): @5 (to))] = O;
7) the condition for the delay parameter 7
W (toy +70)[F(tey + 705 X0 (too +70)s Xo0) — F(tao + 705 X0 (Lo + 70), @6 (teo))] +

t
+ [WOF, X% 0), %t —76))% (t —7)dt = 0.
too+7o
2. Equation with the continuous initial condition

To each element o = (t,,7,¢(-)) € £ we assign the differential equation (1) with the initial
condition
X(1) = o).t <1, (6)
whereis assumed that ¢(t,) = ¢(t,—) .
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The condition (6) is said to be the continuous initial condition, since dways X(t,,) = ¢(t,) -
Anelement o € ¥ issaid to be admissibleif there exists the corresponding solution
X(t) = x(t; o) satisfying the condition

q' (to, 7. 0(te), X(t,)) = 0,i =11 W)
We denote the set of admissible elementsby X, .
Anédement o, = (ty, 74,9, () € Z, issadtobeoptima if

J,(0y) = in; J, (o), (8)

where

4
3,(0) = A (to, 7, 20 (t), X(t,)) + | 6, X(1), X(t - 7))
)
The prablem (1), (6)-(8) is called the initial data optimization problem with the continuous
initial condition.
Theorem 3. Let o, = (t,,7,,®,(-)) bean optimal element and the function ¢, (t) be
continuously differentiable in a neighborhood of the point t,,. Then there exist a vector
7= (7yy.., ;) %0, 7, <0and a solution 'Y (t) = (, (t),w(t)) of the equation (5) such that
the conditions 1) and 5) hold. Moreover, the following conditions are fulfilled :
8) the condition for the initial moment t,

7Q, =¥ (teo)[(0, 95 (too)) " = F (togs o (too ) Po (teo = 7o))];
9) the condition for the delay parameter 7

Q; = ]%\P(t) Fy (6, %o (1), X (t = 7)) %o (t — 74 )dlt;

too+70

10) the condition for the point ¢, (t,,)
[ﬂQSO + (too) T (oo, Xo (too)s 0 (tao — 7o))@ (teo) =
= Tix[ﬂQSo + 1/ (too) T (tons Xo (too)s @ (teo — 7o)
il'4r]1eorem 1 and 2, on the basis of the variation formulas [2-4], are proved by a method given in
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