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In this paper we give an extension of the results considered in [1] to the recursive
algorithms. Recursive estimation is particularly useful in large sample size since the result can
be easily updated with each additional observation. The structure of the estimate is similar to the
recursive kernel estimate of density function introduced in [2, 3], and thoroughly examined in
[4]. The estimate is constructed on a single realization of a Poisson process on fixed interval
[0, T]. Specificity of the statistic (1) is due to a random sample size.

Let {ti, =1L, N, 0<t, ST} be a realization of a Poisson point process having

unknown intensity function A(-) on [0,T], where N is the number of points falling into [0,T],
b

denote A(a,b) = J.X(t)dt . Consider the following expression as an estimate of the function

a

A()/ A(0,T) at apointt
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where (m)»l« 0 is a sequence of real numbers, Nh, — oo, K(-)is a kernel function; let S =0
it N=0.

Consider an asymptotic behavior of statistic (1) under following scheme of series: let series
of observations are done on [0,T] with the intensity of the process in n-th trial equals to

A, (-) = NA(") . Denote the value of the statistic (1) in n-th trial

1 N1 (t—t,
- — K n , 2
Sn I\Ini=1 hn ( hn J @

where N and (t,,) — respectively the number of observations and the realization of the process

in n-th trial.
Theorem 1 (asymptotic unbiasedness). Let the kernel K(-) is a compact bounded real
valued Borel function on [—T,T] and

.
IK(u)umdu <M Vm=1,2,...; the intensity function

-T

A(+) is continuous at the point t € (0,T), A(t,T)#0; (h,)is monotonically no increasing

2 (D'Crhiyy,
i=0
C. Then the estimate (1) is asymptotically unbiased: lim E(S,) —A(t)/ A(0,T)=0.

with i sequence, (h,) =0 as i — o, and < Chy, ¥Ym with some constant

Proof. Let P, (X/N) be the conditional density function t, given N=n21,
p, = P(N=n)=A(0,T)"e™®"/nl, n> 0. Then the expected value
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(S0=2p nzhj ( . jp( )
Rl A0,%)™ AT M%) g MO
_n_lniz_;h!K( h ) (-DI  (n-i)! A(OT)dxl—e‘A(O’T)' )
n i-1 n-i o -1 QA0T) _
Taking into account ZIZA(O X)) AXT) = AQ.T) _£ ! and

n=1MNi=1 (' _1)! (n_ |)! n=1 n! A(O’T)
boundedness of the kernel we know that series (3) convergences absolutely. Let
h < min(t/T, 1 —t/T) Vi, and since K(-)is a compact function on [-T, T ]we have

i-1 n—i i-1 n—i
hi}l{t;xJA(O,x) AXT) Z(X)dX_JK(X)A(Ot hx)' ™ At—hxT) At R

0 (i-1)!  (n-i)! i (i—1)! (n—i)!
Note that A(t —h X) =A(t) + éhnx for sufficiently small h,,, then
_ e‘”“’” S o AR AR x T _
E(S,)= - _nA(OT)Z IZn J' i1 ki Mt —h, x)dx =
e ™MD & AO,t=h, )™ At —h,xT)* ~
= K (X N - A(t) + Ch, xpx=A(t)L, + L.
_W)E > j 0= i b ka1

For the proof of the theorem we establish the convergence lim L, = A(0,T)™".
n—ow

t
Using binomial expansion and the linearization A(t —h,x,t)= j/l(t)dt =rh,X, where
t—hy,x

r>0-some constant we obtain
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_ZKZn IK(X)I_O( 1) T (i—1—|)!n§3 - (k—i—m)!dx_

= N K A(O, t) " rhn )k—i—l AT (rhnx)k—i—l—m )
"X Z( D jK() 2 e R
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where
=N '“A(Ot)n"‘"A(tT)n el (rh x)<'™"
= -m D' | K(x dx +
P ipeepl 2 P
Kk Ak+1
+n+Z—A(Ot)n .
= (k+1)
In the next step we prove the convergence lim €~ nAC, T)A =0:
n—oo
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It follows from

N—
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The theorem is proved.
Theorem 2 (the variance convergence). Let the assumptions of Theorem 1 hold,

k-l
K-l I k=t k-
< limemon$ N A0 N AGT) [H rhy, ] _

(6)

.
sz(x)xmdx<|\Z vm=1.2,..; ih —o0 as i —> . Then limVar(S,)=0.
5 —0

Proof. By P(N, >2)—>1 as N — oo the variance Var(S,) =

daslsie() b e
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o K nA(0,T) S L — X A(O,X)H A(XaT)nii _nA(0,T)
n“dydxe” —Cy( )(2 Z‘h j (hJ TR A(X)dxe J (7)

where C;(N) > 1 as n—o0,i=1,2,3. The second term in (7) convergences to MY
A(0,T)
A0, A Y) ™ Ay, T

since according to Newton’s polynom =
;JZ.:G (i-Dt (j-i-Dt (k=p!
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k-2
= % (the main part is finding similarly (4)).

To establish the statement of the theorem we must show

Q= gk—”z : hiiKz(x)x(t “hx) A(o(,it_—lr)\!nx)i At —(Dﬁ,)'T)“ e

— 0(e™ 7)) as n— oo. Let us consider Q, = kZ:(k nl) ZA(Ol?l n A(t(l)_kl')! «
BB LA A e
=Q+Q, Q= A(S’T);A(O’k;) =10, T)[El(nA(O T) - In(nA(0,T)) -7}

where Ei(N) — integral exponent, » — Euler constant, limEi(n)e™" =0 [5]. Thus we obtain
n—oo

lim Q(l)e = (. Similarly (5) we have

n—oo
kI
k-l n rh
‘Q(z)‘<MCZ 4 ZZA(O U AGT) T+—n | _q 4 o(n) <
(k+1) I (k- I)'h|+1 AT)
kI
. K1 | kel k- rh
MC3, NS A0 ARLT) -y o(n) <
k+D)&E 1t (k=D +Dhy, | AGT)
k-
. K1 I K-l k-l rh
z n ZA(O,t) nAET) ' n 1+ (1+1)n —1[+0o(n).
S(k+1)5 N k-1t A(L,T)
Taking (6) into account we have that lim ‘Qr(,z) ‘e‘” < 0. The theorem is proved.
n—o0
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